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Q_i| Abstract 

r~| | This is the first of a series of papers in which we develop a "discretization approach" for 

the rigorous realization of the non-Abelian Chern-Simons path integral for manifolds M of 
the form M — £ x S 1 and arbitrary simply-connected compact structure groups G. More 
precisely, we will introduce, for general links L in M, a rigorous version WLO r i fl (L) of (the 
expectation values of) the corresponding Wilson loop observable WLO(L) in the so-called 
"torus gauge" by Blau and Thompson (Nucl. Phys. B408(l):345-390, 1993). For a simple 
class of links L we then evaluate WLO r i g (L) explicitly in a non-perturbative way, finding 
■ agreement with Turaev's shadow invariant \L\. 

o 

\6 
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O ■ 1 Introduction 

In a celebrated paper, cf. [19], Witten succeeded in denning, on a physical level of rigor, a 
large class of new 3-manifold and link invariants ( "Jones- Witten invariants") by making use of 
arguments based on the heuristic Chern-Simons path integral. Later, Reshetikhin and Turaev 
found a rigorous definition of these Jones- Witten invariants using the representation theory of 
quantum groups and suitable surgery operations on the base manifold, cf. [42^ HT] and part I 
of [47] . A related approach is the so-called "shadow world" approach by Turaev, cf. [48] and 
part II of [47] . which also works with quantum group representations but eliminates the use of 
surgery operations. In fact, the shadow invariant of a link is simply given by a hnite "state sum" 
(see Appendix B in |28j for an "internal" reference in the special case relevant for us). 

For several reasons (see, e.g., |36] and the introduction in [45] ) it is desirable to find a rigorous 
"path integral definition" of the Jones- Witten invariants, i.e. a definition which is obtained by 
making rigorous sense of Witten's path integral expressions, either before or after a suitable 
gauge fixing has been applied. 

Since this problem seems to be rather difficult it looks like a good strategy to restrict one's at- 
tention first to special base manifolds for which convenient gauge fixing procedures are available. 
A particularly promising situation is the case where the base manifold is of the form M = £ x S 1 
and where we apply the so-called "torus gauge fixing" procedure, which was introduced by Blau 
and Thompson in [11] for the study of Chern-Simons models on such manifolds. 

The results in |26[ [27] , which were obtained by extending and combining the work in |11[ \12\ 
[F3l [2l"l [25] and [31 [23] , suggest that for such manifolds it should be possible to find a rigorous 
realization of the heuristic path integral expressions for the Wilson loop observables (WLOs) 
which appear after torus gauge fixing has been applied, cf. Eq. (I2.53D below. 



Let us remark, however, that the approach in [261 [27] is quite technicaQ. It therefore makes 
sense to look for alternative and more elementary approaches. In the present paper and its 
sequel [28] we propose such an alternative approach, which was inspired by Adams' "simplicial" 
framework for Abelian Chern-Simons models, cf. [HE]. More precisely, we will develop two 
different but closely related approaches, "Approach I" and "Approach II" (cf. Remark 15.61 
below and Sec. 3.4 in [28] for a short comparison of these two approaches). Our main result will 
be Theorem 5.3 in [28], which can be seen as a rigorous and more general version^ of the main 
result in [IT] , cf. Sec. 7 in [TT] . 

The present paper is organized as follows: 

In Sec. [2] we summarize the relevant results of the torus gauge fixing approach of |11[ \12\ 
[T3l 124"] l25l [26] on Chern-Simons models on manifolds M of the form M = £ x S 1 , following 
closely the presentation in [25]. At the end of this section we arrive at a heuristic formula for 
the WLOs, on which the rest of the present paper will be based, cf. Eq. (|2.53l) . 

In Sec. [3] we consider "oscillatory Gauss- type" (complex) measures on Euclidean vector spaces 
and discuss some of their properties. 

In Sec. H] we review the "simplicial" framework developed in [H[2] for Abelian Chern-Simons 
theory. 

In Sec. [5] we then present and discuss the first of the two aforementioned approaches for the 
discretization of the heuristic equation Eq. (I2.53h . i.e. "Approach I". 

The present paper has an appendix consisting of six parts. In part[A]we list the Lie theoretic 
notation used in the present paper and we give some explicit formulas in the special case G = 
SU{2). Part [B] is concerned with some technical issues arising in Sec. 12.2.41 In part ICl we 
give a formal definition of the notion of a "polyhedral cell decomposition" of a surface and 
the corresponding notion of "duality" . Part [D] will be helpful for motivating the ansatz in Eq. 
(15.811 in Sec. 1531 below. In part E we make some comments regarding the issue of continuum 
limits. Finally, in part [F] we give a brief summary of some aspects of the aforementioned rigorous 
continuum approach to CS theory on M = S x S l in the torus gauge. 

Note: In the present paper and in WB§ we will work with general simply- connected compact 
Lie groups G since this does not involve much more work than we would have to invest if 
we restricted ourselves to a special case like, e.g., G = SU(2). On the other hand treating 
the general situation makes it necessary to use several abstract concepts from Lie theory. The 
reader who prefers a more elementary treatment should feel free to concentrate on the special 
case G = SU(2), cf. part\A\ of the Appendix below for some useful formulas in this special case. 

2 Chern-Simons theory on M = £ x S 1 in the torus gauge 
2.1 Chern-Simons theory 

Let us fix a simply-connected compact Lie groupH G with Lie algebra q. 

For every smooth manifolds X, every real vector space V and every n S N we will denote by 
Q n (X, V) the space of V- valued n- forms on X and we set 

A X y ■= &(X, V), A x := Ax, B (2.1) 

By Qx we will denote the "gauge group" C°° (X, G) . 

Let M be an oriented closed 3-manifold. In the following we will usually write A instead of 
Am = ^{M^q) and Q instead of Qm- 

1 see part [F] of the Appendix for a brief summary 
2 cf. Remark 5.4 in [2S] 

3 cf. part [Al of the Appendix for concrete formulas in the special case G = SU(2) 



For convenience let us consider for a while the special case where G is simple (cf. Remark 12 .21 
below for the case of general simply-connected compact Lie groups). The Chern-Simons action 
function Scs '■= Scs{M,G, k) associated to M, G, and the "level" k G Z\{0} is then given by 

Scs(A) = -kir [ (A A dA) + \{A A [A A A]) G R, (2.2) 

for all A £ A. Above [• A •] denotes the wedge product associated to the bilinear map [•, •] : 
0X0—^0 and where (• A •) denotes the wedge product associated to the suitabl>@ normalized 
Killing form (•, •) : x g — > R. 

From the definition of Scs it is obvious that Scs is invariant under (orientation-preserving) 
diffeomorphisms. Thus, at a heuristic level, we can expect that the heuristic integral (the 
"partition function") Z(M) := J exp(iScs(A))DA is a topological invariant of the 3-manifold 
M. Here DA denotes the informal "Lebesgue measure" on the space A. 

A similar statement holds if we consider (oriented and ordered) links L in M, i.e. finite 
tuples L = (Zi, I2, ■ ■ ■ , Z m ), m G N, where each Z, is a kno1@ in M such that arc(Zj) n arc(Zj) = 
holds whenever i ^ j- In the following we will identify each knot Zj : S 1 — > M with the loop 
[0, 1] 3 t H- ii(i s i(t)) G M where i s i : [0, 1] 3 s i-> exp(2vris) G 17(1) ^ 5 1 . 

If we fix a finite tuple p = (pi, p%, . . . , p m ) of finite-dimensional complex representations 
(= "colors") of G then we can expect at a heuristic level that the mapping which maps every 
link L = (Zi, I2, ■ ■ ■ , l m ) in M to the heuristic integral (the "expectation value of the Wilson loop 
observable associated to L and p") 

WLO(L,p):= / T[Tr Pi (Kol h (A))exp(iScs(A))DA (2.3) 

is a link invariant. Here Tr^ denotes the trace in the representation pi and Hol^-A) denotes the 
holonomy of A around the loop Zj . Among the many different ways of writing Hol^ (A) explicitly 
the following equation will be particularly convenient for our purposes (cf. Sec. 15.31 below): 

Hol^) = lim J]! , exp(lA(Z^))) (2.4) 

Here exp : g — > G is the exponential map of G. 

Remark 2.1 We will simply write WLO(L) instead of WLO(L,p) if no confusion about the 
tuple p = (pi, p2, ■ ■ ■ , p m ) of "colors" can arise. 

We remark that in the standard physics literature the notation Z(M, L) is normally used 
instead of WLO(L). 

For convenience we will assume (without loss of generality) in the following that the Lie 
group G fixed above is a Lie subgroup of U(N), N G N. The Lie algebra g of G can then be 
identified with the obvious Lie subalgebra of the Lie algebra it(N) of U (N) and we have 

(A, B) = - Tr(A ■ B) VA,7iGg (2.5) 

where "•" denotes the matrix multiplication in Mat(N,C) and where Tr := cTrj^atfNjC) f° r 
suitably choserjfl c G R. For example, in the special case G = SU(N) we have c = 

4 More precisely, the normalization is chosen such that (a, a) = 2 for every short real coroot d w.r.t. any fixed 
Cartan subalgebra of g. Observe that after making the identification t = i* which is induced by (•, ■) we have 
{a, a) — 2 for every long root a. Thus the normalization here coincides with the one in |44| . This normalization 
guarantees that the exponential exp(i5cs) is "gauge invariant", i.e. invariant under the standard ^-operation on 
A 

5 i.e. a smooth embedding S* 1 — > M 

6 observe that if G is simple then every Ad-invariant scalar product on g is proportional to the Killing form 



The Chern-Simons action function Scs can then be rewritten as 

S C s{A) = kir [ Tr(A AdA + |A A A A A), A£ A (2.6) 

J M 

where "A" is now the wedge product for (Mat(N,C), -)-valued forms. Moreover, on the RHS of 
Eq. (|2.4p we can then reinterpret Y\" ' as the matrix product and exp as the exponential map 
of Mat(N,C). 

Remark 2.2 Observe that a simply-connected compact Lie group is automatically semi-simple 
and can therefore be written as a product of the form G = Y\l=i Gj, r £ N, where each Gi is 
a simple simply-connected compact Lie group. We can generalize the definition of Scs to this 
general situation by setting Scs(M, G, k)(A) := J2i Scs{M, Gi, k)(Ai) for all A £ A where (Ai)i 
are the components of A w.r.t. to the decomposition q = QiQi (flj being the Lie algebra of Gi). 

In view of Sec. 7 in [28] let us generalize the definition of Scs even further and intro- 
duce for every sequence (ki)i< r of non-zero integers the function Scs(M, G, (ki)i)by setting 
Scs(M,G, (ki)i)(A) := ^2,iScs{M,Gi,ki){Ai) for all A £ A. In fact, in the present paper and 
in [28] only two special cases will play a role, namely the case r = 1 (i.e. G simple) and the case 
r = 2, G*2 = Gi and &2 = — k±, cf. Sec. 7 in [28]. 

2.2 Torus gauge fixing 

For the rest of this paper let us fix a maximal torus T of G. The Lie algebra of T will be denoted 
by t. 

2.2.1 Motivation 

In order to motivate the definition of the torus gauge fixing procedure for the manifold M of 
the form M = £ x S 1 where £ is a connected surface let us first have a quick look at the orbit 
space A/G for the three manifolds M = K, M = S 1 , and M = £ x R. 

In the following will denote the vector field on R (resp. S 1 ) which is induced by the map 
id]R (resp. the map i s i : [0, 1] 3 s h-> exp(27ris) G U(l) = 5 1 ) and will denote the dual 1-form 
on M (resp. S* 1 ). The obvious "lift" /pullback of and cii to the product manifolds ExR and 
S x S 1 will again be denoted by and dt. 

i) M = R: Here every 1-form A = AqcH £ .4 is gauge-equivalent to the trivial 1-form eft = 0, 
so A/G has just one element. 

ii) M = S 1 : Here every A £ Ais gauge equivalent to a 1-form of the form Bdt with constant 
B : S 1 — > q. Moreover, according to the fundamental theorem of maximal tori we can 
choose B to be t-valued, so the map Ttg : {Bdt \ B £ C 00 (S 1 ,t) is constant } — > A/G is 
surjective. 

iii) M = S x R: Every A £ A can be written uniquely in the form A = A 1 - + A^dt with 
A 1 £ .4- 1 := {,4 £ A | A(^) = 0} and A £ C°°(M,g). Using the argument for the 
case M = R for each of the "fibers" {a} x R = R, <r £ E, we can easily conclude that 
every 1-form A can be gauge-transformed into an element of A . In other words, the map 
-Kg : A — > A/G is surjective. 

After these preparations let us now go back to the original manifold. 

7 this follows, e.g., by looking at the explicit form of the well-known bijection ip : Afiat/G — ► Hom(7ri(M), G)/G 
and taking into account that in the special case M = S 1 we have A/G = Afi a t/G and Hom(7ri(M), G)/G = G/G 



iv) M = £ x S : Again every A G A can be written uniquely in the form A = A + Aodt 
with A 1 - G A 1 - and Aq G C°°(M, g) where .A" 1 is defined again by 

A x := {A G A | = 0} (2.7) 

Combining the results for the case M = S 1 and M = ExR and making the identification 
{B G C°°(S x S l ,i) | B(<7,-) constant for all <j G £} = C°°(£,t) one is naturally led to 
the space 

A qax {T) := A ± {Bdt | 5 G C°°(E, t)} (2.8) 

and to the question whether the map ng : A qax {T) — > A/Q is surjective. For technical 
reasons let us also introduce the space 

A qax :=A L ®{Bdt\B GC°°(E,0)} (2.9) 

In Sec. 12.2.41 we will study the map irg : A qax {T) — > A/Q in the situation relevant for us. 
Before we do this we will have to make a short digression where we introduce the two heuristic 
concepts of a generalized gauge fixing and an abstract gauge fixing which will be useful in Sec. 
12X31 and Sec. YTlM below. 



2.2.2 Two heuristic concepts: "generalized" and "abstract" gauge fixing 

Let us call a (not necessarily linear) subspace V of A a gauge fixing subspace iff its elements form a 
complete and minimal set of representatives of A/Q, or, equivalently, iff the map Ily : V — > A/Q 
which is obtained by restricting the canonical projection irg : A — > A/Q onto V is a bijection. 
(Thus Tly 1 : A/Q —s- *4 will be a gauge fixing in the usual sense). 

Let dvj^ig denote the image of the informal Lebesgue measure DA under -Kg, i.e. 

du A ,g := (irg)*DA (2.10) 

If V is a gauge fixing subspace then, setting d[iy := (Uv)* 1 {di' A /g), we trivially have (at an 
informal level) 

(Il v )*dfi v = dv A/g (2.11) 

and therefor^! also (informally) 

J X {A)DA = J X (AWv(A) (2.12) 
for every (/-invariant function % : A — > C. 

Remark 2.3 If V is a "sufficiently nice" subspace of A the informal measure d\xy will have an 
explicitly computable "density" w.r.t. to DA\y. This density is usually called the "Faddeev- 
Popov determinant" (of the gauge fixing associated to V), cf., e.g., [40] and Appendix C in 

We will call a subset V C A a generalized gauge fixing subspace iff the map LTy : V — > A/Q 
given as above is "essentially surjective" in the sense that the complement of vrg(V) in A/Q is a 
dv^/g-zero subset. Since for such a generalized gauge fixing space the map HV : V — > A/Q need 
not be injective we can not hope to obtain an informal measure d\xy fulfilling Eq. (12. lip above 
in a canonical way as above. However, since by assumption LTy is essentially surjective there 

8 since J A x(A)DA = f A/g \ dv A/g = f A/g x (U v )*dfJ,v = f v (x°^-v)dfj,v = J v x(A)du v (A) where % ■ A/Q -¥ 
C is uniquely given by \ — x ° Kg 



will be (non-canonical informal) measures dfiy on V such that Eq. (12. lit) above is fulfilled at 
an informal level. We will call any sucl@ pair (V, dfiy) a generalized gauge fixing. 

An abstract gauge fixing is a triple (V, Hy, dfiy) where V is an arbitrary (heuristic) measur- 
able space, Hy is a (heuristic) measurable map V — > A/G and dfiy a measure on V such that 
Eq. (IZTT]) above (and therefore also Eq. (IZT21) ) is fulfilled^. Of course, for an abstract gauge 
fixing to be useful the space V should have enough structure so that one can perform concrete 
computations^]. For the abstract gauge fixing which will appear in Sec. 12.2.41 the space V will 
be the direct product of a linear space and a countable discrete space. 



2.2.3 Torus gauge fixing for non-compact M = S x S 

In the following let t denote the (•, •) -orthogonal complement of t in q and set 

Greg ■= {§ G G \ g is regular} (2.13) 

Recall that an element g of G is called "regular" iff it is contained in exactly one maximal torus 
of G, cf. part [A] of the Appendix below for concrete formulas in the special case G = SU{2). 

Let us now restrict to the special situation which is relevant for CS theory, i.e. where G is 
simply-connected, cf. Sec. 12.11 It turns out that if E is non-compact we have (cf. point ii) in 
part [B] of the Appendix) 

Areg/G C A qax {T)/Q = TTg(A qax (T)) (2.14) 

where 

Areg '■= {A G A | Hol^ (A) G G reg for every a G £} (2.15) 

and where l a is the "vertical" loop "above" a, i.e. l a : [0, 1] 9 m (a,i s i(s)) G M with i s i 
as above. Moreover, since codim(G\G reg ) > 3 (cf., e.g., Chap. V in [15]) and dim(E) = 2, a 
"generic" function / : £ — > G will remain inside G reg . Thus we can argue at a heuristic level 
that the difference sets 

C 00 (S,G)\C 00 (S,G r . e5 ), A\A reg , (A/G)\(A reg /G) 

are all "negligible", i.e. "zero-subsets" w.r.t. DQ (the heuristic Haar measure on C°°(E,G)) 
resp. DA resp. dvj^ig. Thus, if S is non-compact, the space V := A qax (T) should indeed be a 
generalized gauge fixing space and there should be a measures dfxy on V fulfilling Eq. (|2.1ip . 
In order to describe such a measure d[iy explicitly, let us make the identification 

V = A qax {T) = A 1 - x B (2.16) 

where we have set 

£:=C°°(£,t) (2.17) 

Below DA 1 - will denote the (informal) "Lebesgue measure" on ^4-*- and DB the (informal) 
"Lebesgue measure" on B. 

It can be shown at an informal levefjH that the measure d/j,y on V = A 1 - x B given by 

dfxy := DA 1 - ® (det(l t - exp(ad(B)) {t )DB) (2.18) 
9 i.e. V is a generalized gauge fixing space and d^v a measure on V fulfilling Eq. (12.111 1 

10 in this case, one can conclude at an informal level that 1IV should then be essentially surjective in the sense 
above since one can argue that the informal measure dv^/g on A/G should have "full support" 

lx this excludes, for example, the "trivial" abstract gauge fixing V = A/G, Ily = id^/g and d^iy = dv A jg. The 
orbit space A/G has so little structure that it is not very useful for explicit computations, which is exactly the 
reason why one usually tries to apply a suitable gauge fixing (in the usual or generalized sense) 

12 by computing the Faddeev-Popov determinant of a closely related (proper) gauge fixing, cf. Sec. 2.3 and Sec. 
2.4 in [26] (and Remark [2731 above) . Observe that Eq. (|2.19[) below is just the analogue of Eq. (2.23) in Sec. 2.4 
in [21] where P is replaced by t 



fulfills Eq. (12. HI) up to a multiplicative constant, or, equivalently, that 



det(l { - exp(ad(S))| t )D5 (2.19) 
holds for every (/-invariant function x '■ A — > C. 

Convention 1 Above and in the following "~" denotes equality up to a multiplicative constant. 
Of course, this "constant" can/should depend on G and M but it is clearly independent of x- 

2.2.4 Torus gauge fixing for compact M = E X S 1 

The case of compact E, which is the case we are actually interested in, requires more care since 
in this case we have A reg /G <£. irg(A qax (T)) (cf. point iii) in part [B] of the Appendix; cf. also 
Example 2 in Sec. 3 in p3]). If one still wants to transform a general 1-form A G A reg into an 
element A 1 - + Bdt of A qax (T) one can do so only if one uses a certain (mildly) singular gauge 
transformation $7 and also allows A^ to have a similar singularity (cf. the maps Qh and the 
1-forms A sg (h.) appearing in Step 2 and Step 3 below). For functions x fulfilling an additional 
property (cf. Step 2 below) this strategy indeed allows us to generalize Eq. (I2.19|) so that also 
the case of compact surfaces E is included, cf. Eq (|2.28p below. 

We will only sketch the derivation of Eq (12. 28ft . For more details we refer to [25] where 
a detailed derivation of a very similar equation is given where B = C°°(E,t) is replaced by 
C°°(E, P), P C t being a fixed Weyl alcove. 

Preparation for Step 1: Let us se1@ 

[E, G/T] := C°°(E, G/T)/0 E (2.20) 

where the expression on the RHS denotes the orbit space of the (/^-operation on C°°(T,,G/T) 
given by g - n := n~ x g for g G C°°(E,G/T) and G S . For each h G [E, G/T] we pick a 
representative G C°°(E, G/T). We will keep each g^ fixed in the following. 

For each g G G/T and b G t we set gbg~ l := gbg -1 G g where g is an arbitrary^! element of 
G fulfilling gT = g. 

Step 1: We now introduce a suitable abstract gauge fixing (V, 11^, d/iy) ("abstract torus gauge 
fixing"). We take 

V := A 1 x B x [E, G/T] (2.21) 

and define % : V ->■ A/Q by 

n F (^,P,h) = 7rg(A x +5 hJ B^ 1 dt) (2.22) 

for all (A\B,h) G F where ^h-B^ 1 G C°°(E, fl ) is given by (g h Bg^)(a) := ^(^(a^V) 
for all a G S. According to point i) in part [B] of the Appendix we have 

Areg/G C Image(n F ), (2.23) 

so riy is essentially surjective in the sense above. Thus we can hope to be able to find a heuristic 
measure dfiy on V fulfilling Eq. ()2.11j) (with V replaced by V"). Since [E,G/T] is a countable 
set (cf. Remark 12.51 below) it is tempting to try the ansatz 

dfiy := DA 1 - ® (det(l t - exp(ad(B)) le )DB) ® # (2.24) 

13 the notation [£, G/T] is motivated by the fact that C°°(E, G/T)/Qr. coincides with the set of homotopy 
classes of maps E — > G/T, cf. Proposition 3.2 in [25] 

14 observe that for 6 € t the value gbg -1 will not depend on the special choice of g 



X (A)DA 



A 1 - 



xiA 1 - + Bdt)DA A 



where # is the counting measure on [£, G/T\. 

It turns out that with this choice Eq. (|2.1ip is indeed fulfilled at a heuristic level (with V 
replaced by V and with "=" replaced by "~"), or, equivalently, that we have 



X (A)DA 



A 



^,o m fSL x{A±+skBs >'' dt)DAJ 



det(l t - exp(ad(5))| t )L>5 (2.25) 



for every (/-invariant function x '■ A — > C, cf. Eq. (2.26) in [26j . 

Observe that the function g^Bg^ 1 G C°°(X, q) will in general not take only values in t unless 
h = [1^] (here It is the constant function on T, which only takes the value T G G/T). This 
reduces the usefulness of Eq. (|2.25p considerably. Fortunately, for a certain class of functions % 
one can derive a more useful variant of Eq. (|2,25p . cf. Eq. (|2,28p below. 

Preparation for Step 2: Let us fix a point ctq G £ and pick, for each h G [E,G/T], a lift 
€ SsUM = C°°(Y\{* },G) of (5h)|E\M G C°°(£\{<To}, G/T), cf. Remark E31 below. We 
will keep oq and each Oh fixed for the rest of this paper. 

Remark 2.4 The existence of the "lifts" Qh G ^s\{<t } °f (Sh)|£\{o- } picked above is guaranteed 
by the following three observations: 

i) the surface £\{<7o} (and in fact every non-compact surface) is homotopy equivalent to a 
1-complex 

ii) G/T is simply-connected 

iii) ttq/x '■ G — > G/T is a fiber bundle and therefore possesses the homotopy lifting property 
(cf., e.g., [32]) 

The first two observations imply that each of the maps (5h)|£\{o- } is 0-homotopic and the third 
observation then implies the existence of f2h (cf. also Example IB.ll in part [B] of the Appendix 
below). 

Clearly, the restriction mapping 9 ^|£\{o- } G {?£\{o- } is injective so we can consider 
Qy, to be a subgroup of Gy\{cj }- I n a similar way, we will identify C°°(S,0) with a subspace of 
C°°(S\{o'o}, g), A L with a subspace of -^(syjo-QDx^i (defined in the obvious way), and A qax = 
A ± ®C co (Y l ,Q)dt with a subspace of A q { ^ {ao})xSl := Af^ {ao})xSl © C°°(S\{cr }, g)dt. Then we 
have 



C°°(£, fl )c C^(E,g) 
^ c A 1 



A qax c .4^ 



<feu{ft h |hG [E,G/T]}> c% ffo} 

{5 G C°°(S\{(Jo},0) | 5 bounded } C C°°(£\{a }, fl) 

• c ^(E\{a })xSi 

^ec^(E, )di c^ {ao})xS1 



Observe that the spaces C°°(X;,cj), A- 1 -, and „A9<m are (^-invariant subsets of the spaces 
C°°(S\{o"o}, q) resp. •^■(s\{ (T0 }) X 5'i resp. •^■(s\{o- })xs 1 ( wnen the latter are equipped with the 
obvious £? s \{ (T0 T.-operation). 

Step 2: Let x : ^ C be a (/-invariant function with the extra property that the function 
X qax '■ A qax — > C given by x qax := X\A qax * s n °t om y ^s-invariant but can also be extended to 



a (/^-invariant function x qax '■ A qax — > C. If x has this property we obtain for the integrand in 
the inner integral on the right-hand side of (|2.25p 

X{A L + (g h Bg~ ^dt) = x^iA 1 + (g h Bg^)dt) = ^(A 1 + (^B^dt) 

= W^dA 1 - ■ O h ) + Bdt) = x^(tt- 1 A ± n h + n^dn h + Bdt) (2.26) 

So for such a function x we arrive at the following modification of Eq. (|2,25D 



J^ X (A)DA~J2 



he[s,G/T] J B 



I f x qax( n -l A ± nh + n -l dnh + Bdt -) DA - 

Jb Ua 1 ^ 

x det(l { - exp(ad(B))\ t )DB (2.27) 



Step 3: As a final step let us simplify Eq. (|2.27p by the change of variable Q^A-^Qh + 
7Tf (Oj^dOh) — > A 1 - where 7r t is the (•, -)-orthogonal projection g — > t. 

For the special x relevant for us (cf. Sec. l2.3.1l below). this change of variable can indeed be 
justified^, cf. Sec. 4.2 in |25| . Applying this change of variable to Eq. (|2.27j) we finally obtain 



/ X (A)DA~J2 

J A 



he[S,G/T] J B 



[ [ x qax (A ± + A sg (h) + Bdt)DA~ 
Jb Ua 1 ^ 

x det(l t - exp(ad(B))\ t )DB (2.28) 



where we have set 



A sg (h) := TTtin^dQh) 
where 7r t is the (•, -)-orthogonal projection g — > t. 



(2.29) 



Observe that we can equally well work with the abstract gauge fixing space V := A 1 - x 
C7°°(S, treg) x [£, G/T] instead of?:=A i xBx [E, G/T] in Step 1 above where 



ireg • — exp (T re g) 

with T reg := T n G reg {ireg is just the union of all the Weyl alcoves). 
If we do so we arrive atrj 



(2.30) 



[ X qax {A ± + A sg (h) + Bdt)DA~ 
Ja 1 ^ 

x det(l t - exp(ad(B)) lt )DB (2.31) 

which will be slightly more convenient in Sec. 12.3.11 below. 



Remark 2.5 The mapping n : [E, G/T) — > t given by n(h) = J s v dA sg (h) is independent 
of the special choice of g^ and Oh involved. Moreover, one can show that n is a bijection from 
[E,G/T] onto the lattice 

/ := ker(ex P | t ) (2.32) 

(see Proposition 3.5, Proposition 3.6, and Remark 3.2 in |25j ; cf. also Sec. 5 in [13] and Example 
IB. II in part |B] of the Appendix below) 



15 by contrast the more radical change of variable fi^ 1 A ± Slh + Q^ 1 dQh —¥ A 1 - is not admissible (at least not in 
the present form), cf. Remark 12.61 below 

16 alternatively, one could try to "derive" Eq. (|2.31[) directly form Eq. (|2.28[) by argueing that, since det(le — 
exp(ad(6))| t ) = for every 6 £ t\t res the set C°°(£, t)\C°°(E, i reg ) should be a det(l e - exp(ad(B))| t )DB-zero 
subset of B = C°°(E,t) 



2.3 Chern-Simons theory in the torus gauge 

2.3.1 Application of Eq. (I2.3ip to Chern-Simons theory 

From now on we will assume that the (connected) surface S fixed above is oriented and compact. 
Let L = ((Zi, Z2, . . • , Z m ), (pi,p2, ■ ■ ■ , Pm)) be a colored link in M = S x 5 . We would like to 
apply Eq. (|2.3ip to the (/-invariant function x '■ A — > C given by 

X (A) = JJ. Tr ft (Hol^ (A)) exp(i5 C5 (^)) (2.33) 

Before we can do this we need to extend the (/^-invariant function x qax := X\Ai ax on A qax to a 
C/s-invariant function ^? a:r on ^4.9*". We do this by extending each of the t/s-invariant functions 

Tr Pi (Holfc ) : ^ 9 ^ ^ Tr Pi (Hoi,. (A 9 )) G C, i < m (2.34) 
: A qax 3 A q ^ S CS {A q ) G C (2.35) 



separately to (^-invariant functions Tr^ (Hol^ ) and Sq S on A qax and then setting 



W{A q ) := n.Tr ft (Hol^)(^)exp(i^(^)) (2.36) 



for A q G A qax . If Co is not in the image of the loops , which we will assume in the following, then 
Eol k (A q ) makes sense for arbitrarj0 A q G A qax and setting Tr ft (HoLJ (A 9 ) := Tr^Hoh^A 9 )) 
we obtain a t/s-invariant function on A qax . 



Before we write down an explicit expression for S^g we will first give a convenient explicit 
formula for the function Sgg on A qax = A L ffi C°°(£,g)dt. We have 

5^ (A- 1 + Bdt) = ScsiA 1 - + Bdi) 

= fcvr / [Tr(A x A dA 1 ) + 2 T^A 1 A Bdt A A 1 ) + 2 ^(A 1 A dB A dt)] (2.37) 

for all ^e^.Be C°°(S, g). As in [Ml US] we can rewrite the RHS of Eq. (12371) usin g the 
identification 

A L = C=°(S\Ay) (2.38) 

where C 00 ^ 1 , As) denotes the space of all functions a : S 1 — > Ay, which are "smooth" in the 
sense that for every smooth vector field X on E the function S x 5 1 3 (°">t) l— ^ is 
smooth. 

Using this identification we have (cf. Proposition 5.2 in |24|) 



5^ (A 1 + Bdt) = -ibr [ dt [ 

Js 1 Js 



Tt(A L (t) A (^ + &d(B)) A ± (t)) -2Tr(A ± (t) AdB) 



(2.39) 



where 4 : C°°(S,Az) — > C°°(S 1 ,An) is the obvious differential operator. 



Let us now introduce Sfyg : A qax — > C by 18 



S qax (A ± + Bdt) 



-feTrilim / dt /" Tr(A ± (t)A(f + ad(B)U ± (t)) - 2Tr(dA- L (t) • B) 

l^OJs 1 Js\Bt(cTo) L 



(2.40) 



1 'in fact this expression makes sense even for arbitrary A q g -4(E\{ CTf) }) X si an d defines a t/s^o^j-invariant 



function Tr^HobJ on all r CT iw S i 

18 here B t (ao) is the closed e-ball around 00 w.r.t. to an arbitrary fixed auxiliary Riemannian metric on S 



for all A 1 - G A^, B G C°°(S,g) for which the e — > 0-limit exists and by 



S^(A ± +Bdt) :=0 



otherwise. Observe that Sq£ is indeed an extension of Sq^ since in the special case where 
A G A^~ and B G C°°(S,fl) Stokes' Theorem implies that for every t G S 1 we hav<£l 

/ Tr(dA ± (t) -B) = [ Tr(dA ± (t) ■ B) = [ Tr (A L (t) A dB) (2.41) 

Jt,\{ct } 7s 



Moreover, S^f is indeed a (/^-invariant function, cf. Proposition 4.1 in [25]. We can therefore 
apply Eq. (|2.3ip to the functions \ and x gax given by Eq. (|2.33j) and Eq. (I2.36|) with the choice 
Eq. ()2.40p above and obtain 

WLO(L) ~ £ f \f ^^(HolOK + 4*00 + Sett) 



x exp(i5^(^ ± + A sg (h) + Bdt))DA 



det(l { - exp(ad( J B))|,)DB (2.42) 



Here and in the following ~ denotes equality up to a multiplicative constant independent of L. 
Using the short notation Tr Pi (Hol^ ) instead of Tr Pi (Hol^ ) and taken into account that 

S^§(A ± +A sg (h) + Bdt) = Scs(A ± + Bdt) + 27rk [ Tr(cL4 sg (h) • 5) (2.43) 

we can rewrite Eq. (|2,42p in the following form: 
WLO(L) 

E h6 p, G /T] [ j AL H ^ ( A± + ^ g (h) + Bdt)) eMiScsiA^ + Bdt))DA^ 

xexp(2irih Tr(cL4 sg (h) • B)) det(l { - exp(ad(5))| t )L>5 (2.44) 



Remark 2.6 One could think that it is possible to simplify the RHS of Eq. (|2.42p by making, 
for every fixed h G [T,,G/T], the informal change of variable A + A sg (h) — > A^. However, 
this change of variable is not admissible, cf. Sec. 4.2 in [25]. In fact, it turns out that the 
explicit evaluation of the simplified expression obtained in this way leads to "incorrect" values 
for WLO(L). 

On the other hand, it might be possible to justify a similar change of variable using a slightly 
different procedure. In order to do so let us consider the extension 

V := A qax {T) © (© he[s , G/T] M • A sg (h)) 

of A qax (T) and introduce the extension S% s : V C of Sgg : A qax (T) C bj@ 

S% S (A X +A sg {h)+Bdt) := -kir [ dt [ Tv((A ± (t)+A sg (h))A(§- t + a ,d(B))(A ± (t)+A sg (h))) 

JS 1 JT,\{a } . 

- 2 Tr ( ( A 1 - (t ) + A sg (h) ) A dB) 



19 here and above dA ± (t) is a short notation for d(A (t)), i.e. "d" is the differential of £ 

30 here f_. , , • ■ • is a short notation for lim e _).o L. D . \ • • • . Observe that this e — > 0-limit will always exist 



(in contrast to the situation in Eq. (|2.4U|) ab 



ovc 



for all A 1 - £A ± ,B£ C°°(E,t), and h E [E, G/T]. Observe that we have 



S q c a g(A ± + A sg (h) + Bdt) = 55 5 (^ + A g (h) + Bdt) + 27rfcTr(n(h) • B(<t )) (2.45) 



where n(h) E t is given as in Remark 12.51 above. If we replace the expression S'q^A 1 - + A sg (h) + 
Bdt) in Eq. $ZM) by the RHS of Eq. {235]), perform for each fixed h E [E, G/T] the change of 
variable A 1 + ^ sg (h) -> A- 1 and use the relation 5^ S (^- L + Bdt) = Sos^" 1 + for A 1 £ A- 1 , 
B E C°°(E,t) we obtain 

WLO(L) ~ V / [ / H.Tv^Rok^+Bdt)) exp(iScs(A ± +Bdt))DA J 

x exp(27ri/cTr(n(h) • B(a ))) det(l t - exp(ad(S))| t )DB (2.46) 

It turns out that the evaluation of the RHS of Eq. (|2.46p (either using the continuum compu- 
tations in [SSICEE] or by proceeding as in the present paper and in [25]) does lead to the correct 
result for WLO(L), cf. Remark 2.2 in [28] . However, since this issue is not totally understood 
at the present time we prefer to work with Eq. (|2.44j) above rather than with Eq. (|2,46p during 
the main part of the present paper (and |28j). 

2.3.2 Rewriting Scsi^ 1 - + Bdt ) 

Let us rewrite Scs{A^~ + Bdt) yet another time. In order to do so we fix an auxiliary Riemannian 
metric g on E. Then Eq. ()2.39|) can be rewritten as (cf@ Sec. 3.3 in [26]) 



S CS (A ± + Bdt) = kn 



< A ± ,*(f t +&d(B))A ± >^x -2 < A ± ,*dB 



(2.47) 



where * denotes both the Hodge star operator on As induced by g and the linear isomorphism 
on A 1 = C^iS^Ax) given by (*A- L )(i) = *(A 1 (t)) for all t E S 1 . Above < •,• >^x is the 
scalar product on A = C°°(S 1 ,At) given by 

<A±,A^ A ±= I dt f (Ai(t),Ai(t)) As dfi s (2.48) 

where d(i s is the volume measure on E associated to g and (•, -) As : At, x At, — > C°°(E,R) is 
the obvious bilinear map induced by g and (•, -) . 

We remark that even though Eq. (12.47|) is less natural than Eq. (|2.39j) above (since it 
depends on the non-canonically chosen Riemannian metric g) it will be more convenient for our 
purposes, cf. the paragraph after Remark 12.71 below and also Sec. 15.21 below where a discrete 
analogue of ScsiA 1 - + Bdt) is introduced. 



2.3.3 The decomposition A 1 = A 1 Ajr 

Clearly, the operator ^ + ad(B) : C 00 ^ 1 , .A s ) C 0O (S ,1 ,^ E ) is not injective. For B E 
C°°(E,t reff ) the kernel of this operator is given by 

:= {A 1 - E C°°(S 1 ,At) I A L is constant and As,f valued} ^ At+ (2.49) 

For making rigorous sense of the RHS of Eq. (|2.44[) it is useful to work with a decomposition 
A = C®Ajr for a suitably chosen linear subspace C of A 1 - and to incorporate this decomposition 
into Eq. (|2.44j) . For technical reasons we worked in [24[ [25] [26] [27] with the choice C := A^ 
where 

A 1 := {A 1 - E C°°(S\Av) I A 1 (t ) E A^} (2.50) 
21 we remark that in [SB] we use a different sign convention for the * operator 



where to is an arbitrary but fixed point in S . It would also have been possible to work with 
C := A 1 - where 



A 1 



{A ± eC°°(S\Aj:)\ / A ± (t)dt e A^ e } 



(2.51) 



In fact, the latter choice is in some sense more natural and has the important advantage of 
possessing a "good" discrete analogue, cf. the second of the two equations in (I5.25|) below. In 
the present paper we will therefore work with the latter choice. Taking into account that 



ScsiA^ +Aj + Bdt) = ScsiA 1 - + Bdt) + S CS {A^ + Bdt) 



(2.52) 



for A £ A^, Ajr G A^r, and B £ B we arrive, after incorporating the decomposition A^ 
A L into Eq. (|2lHjh at 



WL0 ^ - E he[E , G/T] J A± J lc~ { ^ 3) (B)BetMB) 



[ Y[Tr Pi (Hol k (A ± + Aj,B;h))exp(iScs(A ± ,B))DA' 



I A 

x exp(2nik [ Ti(dA sg (h) ■ B)) \ exp(iS C s(A^ , B)){DA A C 

Mm J 

where, as a preparation for Sec. we have introduced the short notation 



Scs(A ± ,B) 
Bet FP (B) 
Hol^Bjh) 



S CS (A ± + Bdt) 
det(l{ — exp(ad(-B))| t ) 
RoliiA 1 + A sg (h) + Bdt) 



DB) (2.53) 



(2.54a) 
(2.54b) 
(2.54c) 



(for I = li and A 1 - = A 1 - + Ajr) and where we have rewritten the integral J^oo^ t ) 
form f B l C oo { x Mg) (B)--- . 



in the 



Remark 2.7 By generalizing the heuristic arguments above in an obvious way Eq. (|2.53p can 
also be "derived" for general simply-connected compact G = ni=i Gii Remark 12.21 pro- 
vided that we replace the first equation in (j2T54l) by ScsiA^, B) := S C s(M, G, (^^(A 1 , B) := 
Scs(M,Y[i Gi, (k^i)^ 1 - + Bdt) where (Gj)j< r and (ki)i< r are as in Remark! 



From the explicit formula Eq. (|2,47p for Scs {A 1 " + Bdt) it follows immediately that both 
(heuristic) complex measures ex.p(iScs(A ± , B^DA 1 - and ex.p(iScs(A^r , B))(DA^r <g) DB) ap- 
pearing above are of "Gaussian type" . This considerably increases the chances of making rigor- 
ous sense of the RHS of Eq. ([233]). 

In fact, in |24[ [26j [27] we have already sketched how this works in the framework of white 
noise analysis (see part [F] of the Appendix below for some comments on this approach). In 
[24} [26] [27] [T8] we also demonstrated that in the special case where the link L has no double 
points and "horizontal" framing is used (cf. Sec. 5.2 in [26]) the rigorous realization of WLO(L) 
can be evaluated explicitly and that 



WLO(L) ~ \L\ 



(2.55) 



holds where \L\ is Turaev's shadow invariant for the group G (cf. part B of the Appendix in 
[2H] ) and where ~ denotes equality up to a multiplicative constant independent of L. 

In the present paper and its sequel [28] we will develop an alternative "discretization" ap- 
proach for making rigorous sense of the RHS of Eq. (12,53p . cf. Theorem 5.3 in [28] which is a 
rigorous and elementary version of Eq. (|2.55 j) for the same class of links as in [24\ [26l [27] . 



3 Oscillatory Gauss-type measures on Euclidean spaces 

Let us fix a Euclidean vector space (V, (•, •)) and set d := dim(V). 



3.1 Basic Definitions 

Definition 3.1 An "oscillatory Gauss-type measure" on (V, (•,■)) is a complex Borel measure 
dfi on V of the form 

dfi(x) = ± e -i {x - m ' S{x - m)) dx (3.1) 

with Z S C\{0}, m S V, and where S is a symmetric endomorphism ofV and dx the normal- 
ize^^ Lebesgue measure on V . Note that Z, m and S are uniquely determined by dfj, so we can 
use the notation Zu, rrin and Sn in order to denote these objects. 

i) We call d\x "centered" iff m = 0. 

ii) We call dfj, "degenerate" iff S is not invertible 

Hi) We call dfj "normalized" iff Z = ^ 27 [ > [ - where S' := S'|ker(5)- L - (^ ee Example \3.4\ below 
for the definition of deti (iS) and a motivation for the term "normalized"). 

Definition 3.2 Let dfi be an oscillatory Gauss-type measure on (V, (•, ■)). A (Borel) measurable 
function f : V — > C will be called improperly integrable w.r.t. dfj i ff 23 ] 

fdix := f f{x)d l x{x) : = lim(f ) n l 2 f f{x)e^d^{x) (3.2) 

exists. Here we have set n := dim(ker(5^)). Note that if dfj is non- degenerate we have n = so 
the factor (^) n ^ 2 is then trivial. 

Most of the time we will consider non-degenerate oscillatory Gauss-type measures, the ex- 
ception being Proposition 13.121 below. 

Using a simple analytic continuation argument and the corresponding explicit formulas for 
Gaussian probability measures we can easily prove the existence of f / dfj and compute the 
corresponding value explicitly for a large class of functions /. Let us illustrate this by looking 
at some simple examples: 

Example 3.3 Consider the special case where V = M, where (•, •) is the scalar product given by 
{x,y} = x • y, and where dfj{x) = exp(i(x,x))dx = exjp(ix 2 )dx. Then the improper integrals 

f/M«), «C 

exist and are given explicitly by 

• 1 dfj(x) = \fiir 

• j^x dfj{x) = 



22 i.e. unit hyper-cubes have volume 1 w.r.t. dx 

23 0bserve that / ker(s j e " E||a:|1 dfi{x) = (|r)" n/2 . In particular, the factor (^) n/2 in Eq. (|3.2|l above ensures 
that also for degenerate oscillatory Gauss-type measure the improper integrals f^ 1 dfi exists, cf. Example 13.41 
below 



• e cx dfi(x) = e l * v«tt 

where ^J~. : C\(— oo,0) — > C denotes the standard square root. 

In order to show the existence (and to compute the explicit value) of 1 dfi(x) we consider 
the analytic function F : {z | Re{z) > 0} — > C given by F(z) := f exp(—zx 2 )dx. According 
to a well-known formula we have F(a) = \Jtt /a for all a G (0,oo). The obvious uniqueness 
argument for analytic functions now implies that F{z) = \/tt/z for all z G C with Re(z) > 0. 
Thus f^l dfx = lim e _;.o F(fi — i) = lhn e _j.o \/vr/(e — i) = \fm = \pK e< ! 

The other three integrals can be dealt with in a similar way. 

In the next example (V, (•,•)) is again an arbitrary Euclidean space. 

Example 3.4 Let dfi be a non- degenerate oscillatory Gauss-type measure on (V, (•,•)) with S, 
m, and Z given as in Eq. (|3.ip 



i) We hav- 



21 



1 (2vr) d / 2 , , 

1 dfi = - 1 / 3.3 
z det3 (iS) 

where we have set det^(iS) := Y\ k ViXk = e^^ kSgn ( Xk \Y\ k (Afc) 1 / 2 ) where (Xk)k are the 
(real) eigenvalues of the symmetric matrix S. In particular, d[i is normalized in the sense 
of Definition ^. 1\ above iff 1 dfi = 1 . 

ii) In the special case when dfi is normalized we have for all v, w G V 

<»,.) «,) = { vM, /<•.*><».*> M*) = H»,S-^ + Km) (3.4) 



We will not try to identify the largest possible class of functions / for which J*^ / dfi exists. 
For our purposes the function algebra V eX p(V) defined in the next definition will be sufficient. 

Definition 3.5 i) Let W be a finite- dimensional associative W-algebra (with the standard 
topology). By V e xp(V,W) we will denote the subalgebra o/Map(V, W) which is generated 
by the affine maps cp : V — >■ W and their "exponentials" exp w cnp. Here exp w : W — > W 
denotes the exponential map ofW. 

ii) By Vexpiy) we denote the subalgebra of Map (V, C) which is generated by the functions 
of the form Oof with f G V e xp(V,W) and G HomR(W,C) where W is amr 5 ! finite- 
dimensional associative M.-alqebra. 



Using analytic continuation arguments, some explicit formulas for Gaussian probability mea- 
sures, and suitable growth estimates one can prove the following result (which is easy to believe): 



Proposition 3.6 Let dfi be a non-degenerate oscillatory Gauss-type measure on (V, (-, •)). Then 
for every f G Vexp^Y) the improper integral f dfi G C exists. 



4 we remark that if dfi is degenerate then an analogous statement will hold with S replaced by S' := Si kc 



25 note that we do not keep W fixed here 



r(S)-L 



3.2 Three propositions 

Let us fix for a while a normalized non-degenerate oscillatory Gauss- type measure d[i on (V, (•,•)) 
and introduce the notation 

E„[X] := J Xdfj. € C (3.5a) 

cov^(X,X') :=E„[XX'] -E„[X]E„[X'] 6 C (3.5b) 

for maps X, X' £ V eX p{y) (hi analogy to the case of (Gaussian or non-Gaussian) probability 
measures on V). 

Observation 3.7 Let dfx be as above and let X\,X2, ■ ■ ■ , X n be a sequence of affine maps V —> 
R. 

i) If E~ [Xi] = for every i < n then 

E [TT X I = { W2)!2"/2 Eaes n Tirii cov ~ (X*(2i-i) , X a(2l) ) ifnis even 
^ 3 1o ifnis odd 



ii) If cov~(Xi,Xj) = for i,j < n with i ^ j we have 

®~[H j Xj]=i[ j E ~i x j] ( 3 - 7 ) 

Here Eq. (|3.6p follows from the analogous formula for the moments of a Gaussian probabil- 
ity measure and a suitable analytic continuation argument. Clearly, in the special case where 
cov^(Xi, Xj) = for i,j < n with i ^ j Eq. fj3.6j) reduces to E^TJ • Xj] = 0- By applying the 
latter equation to the subsequences of the sequence X' X ,X' 2 , ■ ■ ■ ,X' n given by X'- := Xj — E[Xj] 
we arrive at Eq. (|3.7p . 



Let us now consider the case where Y : V — > R is an affine map with 26 ! cov^(Y, Y) = and 
let us consider the trivial sequence (X)™ =1 where Xi = Y for each i < n. Since cov(Y, Y)^ = 
we trivially have cov^ (Xi , Xj ) = for i ^ j (and even for i = j) so according to Eq. (|3.7p we 
have E^[Y n ] = E^[Y]™, from which we conclude, for example, that 

E.[exp(y)] = E„E ( => E E -[^l = E = ex P (E.M) (3.8) 

In order to see that step (*) above holds observe that for every fixed e > we have 
/ E n ^e-'N'ie-it-m^^)) dx < | ^Wi e - ( W^ < ^ 

and we can therefore conclude from the dominated convergence theorem^ that 

/ E„ ^- w >w = £„ / ^"'"^m 

for each e > 0. Accordingly, in order to prove step (*) it is enough to prove that lim^o J2n ~^nf^~ = 
Y^ ra lim e _»o I ^f > where we have set I(n,e) := J Y(x) n e~^ x ^ 2 dn{x). The latter claim can easily 
be proven by computing the integrals I(n, e) explicitly. 



26 Note that the condition cov~(Y, Y) = does not imply that Y is a constant map on V. This is in sharp 
contrast to the situation for (Gaussian or non-Gaussian) probability measures where the relation cov(Y, Y) = 
always implies Y — E[Y] cfyt-a.s. 

2 'applied to the positive measure dx "appearing" in dfi 



More generally, we obtain I for every $ G V exp (B.) 

E„[*(y)] = *(E~P1) ( 3 - 9 ) 

since every such $ is necessarily entire analytic and the coefficients (c n ) n , given by &(x) = 
S^Lo c nX n for all have the property that c n n —?f o rapidly enough so that 

1. we can again apply the dominated convergence theorem in a similar way as above and 
prove that the two limit procedures J ■ ■ ■ dx and ^ n can be interchanged 

2. we can prove again that the two limit procedures lim^o and ^ n can be interchanged 

Finally, we can generalize Eq. (|3.9[) to the case where we have a $ G V e xp(7$. n ), n G N, and where 
(Y k ) k < n is a sequence of affine maps V — > M such that cov^(l^, Yj) — holds for all i,j < n. 
We then arrive at the following result, which will be the key argument in Sec. 5.4.1 in [28]. In 
order to make the application of Proposition 13.81 in Sec. 5.4.1 in [28] more transparent we avoid 
the use of the notation E^[-] and cov^(-, •) from now on. 

Proposition 3.8 Let dfj, be a normalized non- degenerate oscillatory Gauss-type measure on 
(V, (•, •)) and let (lfc)fc< n , n G N, be a sequence of affine maps V — > M such that 

f YiYjdfi = ( j Yidn) ( J Yjdfj) (3.10) 

holds for all i,j < n. Then for every <5 G V e xp(J& n ) we have 

J $(or k ) k )dn = Y k d^) k ) (3.ii) 

Remark 3.9 In Sec. 5.4.1 in [28] we will actually apply a reformulation of Proposition 13.81 
where the sequence {Yk)k<n^ n G N, is replaced by a family (y fc *' a )fc<n,t<»n,a<D of affine maps 
fulfilling the obvious analogue of Eq. (|3.10p above and the function $ G 7 3 eX p(M n ) is replaced by 
a function $ G P exp (M. mxnxD ) . 



Example 3.10 Consider the (non- degenerate normalized centered) oscillatory Gauss-type mea- 
sure dfi(x) := 2^ exp(i(xi,X2))dxidx2 on V = M 2 . For every f G V e xp(^) we have 

r f(xx)dn(x) = f(0) (3.12) 

This follows by applying Proposition \3.8\ with <fr = / and Y\{x) := x\. Observe that Eq. (|3.10p 
is indeed fulfilled since according to Example \3.4\ we have f^Yidfi = J^(x,ei)dfj,(x) = and 

Y\Yidfi = |(ei, S~ 1 ei) = where we have set e\ := and used that = — ( ^ 

Using a different argument one can easily prove that Eq. (13.12j) holds for arbitrary continuous 
bounded functions /. Moreover, we can include an additional "exponential factor", and we can 
in fact consider more general oscillatory Gauss-type measures dfi, cf. Proposition 13.121 below, 
which will play a key role in Sec. 5.4.2 in |28j . 

As a preparation for Proposition l3.12l let us first consider the special case where the oscillatory 
Gauss-type measure d\i is non-degenerate: 



Observe that $(V) G Vex P (V) so the existence of the LHS of Eq. (|3.9|l is guaranteed by Proposition 13.6 



Proposition 3.11 Assume that V = V\ ® V 2 where V\ and V 2 are two subspaces of V which 
are orthogonal to each other. For each j = 1,2 we denote the Vj-component of x £ V by Xj. 
Moreover, let dfi be a (non- degenerate centered) normalized oscillatory Gauss-type measure on 
(V, (•,•)) of the form d/j,(x) = ex.p(i(x 2 , Mx\)dx for some linear isomorphism M : V\ — > V 2 . 
Then for every bounded continuous function f : V\ — > C and every fixed v £ V2 we have 

f{xi) exp(i(x 2 ,v))dfi(x) = f{-M~ l v) (3.13) 

(In particular, the LHS of Eq. (13. 13ft exists; note that the present situation is not covered by 
Proposition \3.6\ above). 

Proof. Let dx\ resp. dx2 be the normalized Lebesgue measure on V\ resp. V2 (equipped 
with the scalar product induced by the one on V). We have 

f(x 1 )exp(i(x 2 ,v))dii(x) 

4 lim I [ e- e ^ Xl \ 2+ \ X2 ^f(x 1 )exp(i(x2,v + Mx 1 ))dx 2 dx 1 
Z e^oJ Vl Jy 2 

lim / e - e|xi12 f(xi)5 e (v + Mxi)d Xl (3.14) 



(2vr 



Z 



<Vi 

where d 2 := dim(V2) = d/2 and where 5 e : V2 — > M is given by 

1 \w\ 2 \w\ 

e e i X2 i" exp{i{x2,w))dx 2 = T^{W"" e 

<v 2 



S e( w ) ■= / e-^\\Mi(*2M)dx2 = J^(l) d2/2 e-^ = J^r^ (3.15) 



for all w £ V 2 . Let us now fix an (arbitrary) isometry ip : V2 — > V\. Clearly, the pushforward 
(ip)*dx2 of dx2 coincides with dx\ so we have 

[ e- e ^ 2 f(x 1 )5 e {v + Mx 1 )dx l = [ e ~ e ^ X2 \ 2 f(ipx 2 )6e(v + M^x 2 )dx 2 (3.16) 

JVl JV 2 
Making the change of variable Mtpx 2 + v — > y2 on the RHS of Eq. (|3,16p we obtain 

e~ elxi12 f(x{)5 € (y + Mxi)d Xl = I det(MV')|- 1 f e - e l M " 1 ^-«)l 2 f{M~ 1 {y 2 - v))S e {y 2 )dy 2 
>Vi Jv 2 

(3.17) 

where dy 2 is the normalized Lebesgue measure on V 2 . Since (5 e ) e >o is an "approximation to the 
identity" (i.e. converges weakly to the Dirac distribution 6q) it is therefore cleair^l that 

lim / e~ elxi12 f(xi)5 e (v + Mx x )dxi = /(-M -1 u) • I det(M^)r 1 (3.18) 

The assertion of the proposition now follows from Eq. (|3,14p . Eq. (|3.18p and the following 
equation: 

(2tt^ = (2vr^ (*) det i ( .^ } (**) det( .<yi/2 (-*) det(W )t M ^)i/2 = 1 det (M^)| (3.19) 

Here step (*) follows from Example 13.41 and the assumption that d[i is normalized, step (**) 
follows becaus^l for each eigenvalue A of also —A is an eigenvalue of and has the same 



29 a formal proof of Eq. ()3.18fl can De obtained after a suitable change of variable and the application of the 
dominated convergence theorem, cf. the proof of Eq. (|3.23[) below which generalizes Eq. (|3.18p 

' io this can be seen, e.g., from the equation J~ 1 S^ l J = — S M where J := ( ^ ) , 1 denoting both the identity 



in End(Vi) and End(V; 



multiplicity as A, and step (* * *) follows because after making the identification V2 — ^ V\ we 
, f Mi/A 

□ 



Convention 2 For a continuous function f : Vq — > C on a do -dimensional Euclidean space Vq 
we set 



vo J vo 



^ 2 f(x )dx 



(3.20) 



provided that the expression on the RHS of the previous equation is well-defined. Here dx$ is 
the normalized Lebesgue measure on Vq. 

Proposition 3.12 Assume that V = Vo © V± © V2 where Vo, V\, V2 are pairwise orthogonal 
subspaces ofV. For each j = 0,1,2 we denote the Vj-component of x 6 V by Xj. Moreover, let 
dfx be a (centered) normalized oscillatory Gauss-type measure on (V, (•,•)) of the form dfj,(x) = 
exjp(i(x2, Mxi)dx for some linear isomorphism M :V\ — > Vz- Then for every fixed v G V2 and 
every bounded uniformly continuous function F : Vo © V\ — > C the LHS of the following equation 
exists iff the RHS exists and in this case we have 



F(xo + x\) exp(i(x2, v))dfj,(x) = I F(xq — M 1 v)dxo 

v 



(3.21) 



where dxo is the normalized Lebesgue measure on Vq. 



Proof. We set dj := dim(Vj) for j = 0, 1, 2. Similarly as in Eq. (|3.14p and with 5 e : V2 
as above we obtain 



F(x + xi) exp(i(x 2 ,v))diJ,(x) 



lim( 



.do/2 



Vo 



<\^\ 2 +\^\ 2 +\^\ 2 )F{xo + x x ) exp(i(x 2 , v))x 



x exp(i(x2, Mx\)dx2 



dx\ 



dxo 



[ dxoe-^ 


(2^) d 2 r 


'Vo 


JVi 



[ dxie~ e|xi|2 F(x + xi)5 e (i; + Mxi) 
Jvi 



(3.22) 



Let iJj : V2 — > V\ be a fixed isometry. From the assumption that dfi was normalized it follows - 
using the same argument as in Eq. (|3.19j) above - that ^jj— = deta (i(5 M )|v lffi y 2 ) = | det(M^)\. 
Eq. (|3.22p above and the equality just mentioned will therefore imply the assertion of the 
proposition provided that we can show 



limT(e) = 



(3.23) 



where 



T(e) := e d °/ 2 f dxofT^ F(x — M~ l v) — | det(Af^)| f dx^'^ 2 F(x + x{)6 e (v + Mxi 
JVo L JVi 

(3.24) 



In order to prove ()3.23p recall that if)*(dx 2 ) = dx\ and that 1 = } 2 / 2 J v e ^ y2 ^dy 2 so we obtain 
T(e) = e d °/ 2 [ dx e-^ 2 [ dy 2 e~^ 2 F(x - M^v) 



v 2 

\v+M^x 2 \ 2 

(4e7r)" 



/ 1/12 -i yu-rivi^ 

det(MV0| / dx 2 e~^\ F{x Q + ^x 2 ) 7I ^e- ii 



Q _J_ f d y dy 2 e-^ 2 -^ 2 



K d2/2 JVo®V 2 



F(f e - M~ l v) - %(y2)F(f e - M~ l v + \fe2M~ 1 y 2 ) 

(3.25) 

In Step (*) we have made the changes of variable \[Ixq — > Uo an d ~^_\( v + Mipx 2 ) — > y 2 and we 
have set 7 e (y2) := e _e ' M 1 {"Whn—i>)\ 2 _ Relation f|3.23|) now follows by applying the dominated 
convergence theorem to the last expression in Eq. (|3.25p and taking into account that for all 
fixed yo G Vq an d y 2 G V 2 we have 

Hm[>(^ - M" 1 ^) - 7e (y 2 )F(^ - M" 1 ^ + v / e2M~ 1 y 2 )] 
lim[F(^-M-M(l- 7e (y 2 ))] 



e->0 L 



+ lim 7e (y 2 ) [F(*fe - M~ l v) - F{^ - M~ x v + v / e2M~ 1 y 2 )] =0 + = 
since lim e _>o le(y2) = 1 arid, by assumption, F is bounded and uniformly continuous. 

□ 

The following remark will be useful in Sec. 5.4.3 and Sec. 5.4.4 in [28]. 

Remark 3.13 If T is a lattice in V and / : V — > C a T-periodic continuous function then 
Jv fi x )dx exists and we have 

/ f^ dx = — TfFf\ I f( x ) dx ( 3 - 26 ) 
Jv vol{Q) J Q 

with Q := {J2i x i e i I < rrj < IVi < d} where (ej)j<<2 is any fixed basis of the lattice T and 
where vol{Q) denotes the volume of Q. Observe that Eq. ()3.26|) implies 

VyeV: [ f(x)dx= f f(x + y)dx (3.27) 
Jv Jv 

4 A "simplicial" differential geometric framework 

As a preparation for Sec. [5] below we will now describe (a modified version of) some of the 
constructions of the "simplicial" framework in [H [2] which will be relevant for us. 



4.1 Chains and cochains 

Let d G N and let 1C be an oriented d-dimensional simplicial complex. For p G {0, 1, . . . , d} we 
will denote by 3p(/C) the set of p-faces in fC. For every real finite-dimensional vector space V and 
every p G {0, 1, . . . , d} we will denote by C P ()C, V) the space of "p-chains of K, with coefficients 
in V" and by C p (/C, V) the space of "p-cochains with values in V'o. As usual we will denote by 
dfc ■ C P ()C, V) — > C p _i(/C, V), p G {1, 2, ... , d}, the corresponding "boundary operator" and by 
djc ■ C p (fC, V) — > C P+1 (IC, V), p G {0, 2, . . . , d — 1} the corresponding "coboundary operator". 



recall that C p (/C, V) is simply the space of all maps $ P (1C) — s- V 



If K. is finite then we can make the identification C P (JC,V) = C p (fC,V) for each p G 
{0, 1,2, ... , d}. Moreover, if we equip V with a scalar product (■, •) then this induces a scalar 
product (•, -) p on C P {K,,V) = C p (fC,V) in the obvious way. Observe that the linear maps 
d K : C P {K, V) C p+l {K, V) and d K : C P+1 (IC, V) C P (1C, V) are dual to each other w.r.t. the 
scalar products (•, -) p and {•, -) p +± i.e. we have 

{d)ca, P) p+ i = {a, d)cP)p (4.1) 

for all a G C P (JC, V) CP(/C, V) and /3 G C p+ i(/C, V) = CP +1 (/C, F). 

Convention 3 ij For eac/i p G {0, 1, . . . , d} we identify 3p(/C) with its image in C p (fC, M) = 
C p (fC,M.) under the injection $ P {K,) 9 a \- > 5 a G C P (/C,1R) where 5 a G C P (/C,M) is given &?/ 
S a (d') = o~ aia i for all a' G 3 P (1C) 

ii) Instead of C P (/C,R) we iciZZ write simply C P (IC) in the following. 

The constructions and definitions above can be generalized in a straightforward way to the 
situation where instead of a (finite) oriented simplicial complex K, we work with a (finite) oriented 
"polyhedral cell complex" V, i.e. a cell complex which is obtained by glueing together bounded 
"convex polytopes" in an analogous way as simplicial complexes arise from glueing together 
simplices, cf. part Oof the Appendix for the formal definitions. 

Polyhedral cell complexes arise naturally, e.g. as the duals and products of simplicial com- 
plexes (cf. Remark IC. 101 in part Oof the Appendix). 



4.2 Discrete Hodge star operators 

Recall that above we fixed an oriented compact surface X. For the rest of this paper we will 
now fix two finite polyhedral cell decompositions C and C of S, which are dual to each otheijfl, 
cf. Definition IC.9I and the examples in Fig. [5] in part O of the Appendix and in Fig. [T] below. 

Example 4.1 In the situation in Fig. [7J below, C (resp. C ) is a "hexagonal" (resp. "triangu- 
lar") (polyhedral) cell decomposition. The 2-face F is dual to the 0-face x' , the 0-face x is dual 
to the 2-face F' , and the two 1- faces e and e 1 are dual to each other. 

Thus, in the notation of Definition IC.9I in the Appendix we could write x' = F or F = x' 
and so on. 

Let K, and K, 1 denote the polyhedral cell complexes corresponding to C and C (i.e. K, = (£, C) 
and K! = (S,C)) and let us equip IC and K! with the orientations which are induced by the 
orientation on S. We can then define, for every fixed real finite-dimensional vector space V and 
p G {0, 1, 2}, the operator *^ : C p (/C, V) — > C 2 ~ P {K.' , as the unique linear isomorphism such 
that for every a G 5p(/C) C C p {K,) and v G V we have. 



J33 



*x(" ® v) 



a®v ifaxdcFx M. 2 ~ p ^ M 2 is "positively oriented" 
-a (g> v otherwise 



where a G $2-p{k.') is the face dual to a and where we have made the identifications C P (JC, V) = 
C p {K) ® V and C 2 ^(/C', V) ^ C 2 - P {JC') ® V. 

(The operator : C P {K! ' , V) — > C 2 ~ p {fC, V) will be defined in a completely analogous way). 
Above we have equipped a x a C M 2 with the product of the orientations on a and a. If this 
orientation coincides with the orientation inherited from the standard orientation of M 2 , we say 
that a x a is "positively oriented" . 



32 for example, we can choose C to a be finite triangulation of S and C to be the canonical dual of C, cf. Remark 
IC.lOl in part \C\ of the Appendix. 

33 recall that according to Convention [3] above by v ■ a we actually mean v ■ S a 



Figure 1: 



It is not difficult to see (cf. PQ) that we have 

9k> ■*K=*/c-d K (4.2) 

and 

*k = (-i) p(2 " p V' = **Z) as , («) 

ifpG{0,2} 

Moreover, when V is equipped with a scalar product and the spaces C P (K,,V), C 2 ~ P (1C', V), 
C v {Kl ', V), and C 2_p (/C, V) with the induced scalar products then and *£/ win be isometries. 

Convention 4 /n i/ie special case where V = M. we will simply write * instead of '*jc- 

(Observe that *a, for a € 3>(X) C C p (K) = C p (fC), then just coincides, up to a sign, with 
the dual face a £ £„_,,(£') C C n - P (K) C n ~ p {lC')). 

Example 4.2 in i/ie situation in Fig. [7] uie have for onjfl o/ i/ie two possible choices of the 
orientation on M 2 

•kx = F', -kx' = F, -ke = e', *e' = — e, *F = x' , -kF' = x, 

cf. Convention^ and Convention^ above. 

4.3 Discrete curves, loops, and links 

Let V be & fixed oriented polyhedral cell complex^!. We will call the elements of $o(V) (resp. 
$l(V) resp. $i(V) U {0} U (-#i(7>)) C C X {V)) the "vertices" (resp. "edges" resp. "generalized 



34 for the other choice of orientation the third and fourth equation have to be replaced by *e = — e' and ke' = e 
35 the only five cases which will be relevant later are V € {/C, /C', Zat, /C x Zjv,/C' x Zjv} with Zjv as at the 
beginning of Sec. 14.41 



edges") in V. The element G C\{V) will be called "the empty edge". The starting point (resp. 
endpoint) of an edge e G $i(V) will be denoted by start(e) (resp. end(e)), or simply by • e (resp. 
e.). 

A "discrete curve" in V is a finite sequence x = {x^)k< n , n G N, of vertices in V such that 
for every k < n the two vertices and x^ k+1 ^ either coincide or are the two endpoints of an 
edge G $i(V)- If x^> = x^ we will call x = (x^)k< n a "discrete loop" in V . 

Every discrete curve x = {x( k >)k<n with n > 1 induces a sequence (e^)k< n -i of generalized 
edges given by 

e if x^ = start (e) 
= ) o if ir( fe ) = x ( fe+1 ) 
— e if x^ = end(e) 



where e G ffi ("P) is the unique edge with { start (e), end(e)} = {x 



(k) x (h+l) 



}. In the following we 



will mostly I take the "generalized edge point of view" , i.e. when we mention discrete curves 



we consider them as sequences e 

Jk) 



Km ^ 



G N, of generalized edges and write • for the 



corresponding vertex x^ ' . More precisely, we hav 



' start (e( fc )) 
end(-e^) 



if e<*> e$i(V), 
if e W g -3i(V) 
if e (*0 = (with j 



max{i < n \ ^ 0}) 



A discrete loop in V is a discrete curve I = (l^)k<n i n such that = • 

Observe that every discrete loop I = (l^)k<n i n a polyhedral cell complex V = (X,C) 
induces, in an obvious way, a continuous loop [0, 1] —> X, which will also be denoted by I. 

A discrete link in V is a finite tuple L = (Zi, I2, ■ ■ ■ , l m ), m G N, of discrete loops in V such 
that the corresponding tuple of continuous loops in X is a link in x¥*\ 



4.4 Framings 

For the rest of this paper let us fix a natural number ./V and we will denote by Z^v the cyclic 
group of order N. We will identify Z^r with the obvious subgroup of the Lie group S 1 . Clearly, 
the points in Z^r induce a (polyhedral) cell decomposition of S 1 and the corresponding (1- 
dimensional polyhedral) cell complex will be denoted also by Z^v in the following 39 !. We will 
equip S 1 with the standard (= positive) orientation. Clearly, Z^r can then be considered as an 
oriented graph. 

Let I = (l^)k<n be a discrete loop in K, x Zjy and let 1% = )k<n and Zgi = (zli)fc< n 
denote the obvioua 40 ! "projected" discrete loops in K, and Z^r- According to the convention at 
the end of Sec. 14.31 the corresponding continuous loops in £ x S , S, S , respectively, will also 
be denoted by I, Is, l s i. 

Definition 4.3 A discrete loop I' = (l'^)k<ri in the polyhedral cell complex KJ x Z^r is called a 
"framing of I = (l^ k ')k<n" iff the corresponding continuous loops I and I' in £ x S 1 are homotopic 
to each other and do not intersect. 

36 note that these two points of view are almost equivalent the exception being the case where x = (x^ k ')k<n 
is constant. In this (degenerate) case x — (x )k<n can of course not be recovered from e = (e' fc ')fc< n since an 
empty edge has now endpoints. So in this special case we are forced to take the vertex point of view 

37 observe that if e' fc ' is a "proper" edge, the notation • is consistent with the notation introduced above 

38 in particular, each U neither intersects itself nor any of the other lj 

39 in words: we have equipped Zn with a graph structure; the set of edges is given by {(t, t + 1) | t € Zjv} 
40 "obvious" at least in the "vertex point of view" of a discrete curve, cf. Sec. 14.31 



Remark 4.4 The notion of "framing" used in pQ is slightly different. We could have made our 
terminology closer to the one in [1] by defining a framing of a discrete loop in V = IC x Z^r a s 
a discrete loop (with certain additional properties) in the canonical dual V' of V, cf. Remark 
IC 101 in part [C] of the Appendix. However, the difference between this modified definition and 
Definition 14.31 above is not essential since we can identify V' with K! x Z^r in a straightforward 
way. More precisely: we can make the identification V' = (JC X Zjv)' — K! X U N = IC' x Z^v 
where in the last step we used the graph isomorphism between Z^v and Z' N given by S'oCZ/v) B 
t \-> • e(i) G ^oC^'jv) wh ere e(i) = *t G ^(Z^). 

5 Rigorous realization of WLO(L) by discretization: Approach I 

The two approaches ( "Approach I" and " Approach II" ) for making rigorous sense of Eq. (|2.53D 
which we will introduce in the present section and in [28] were partly inspired by Adams' 
approach in [IJ |2] for discretizing Abelian Chern-Simons theory or, more precisely, Abelian 
iJi^-theory. In fact, a crucial step in [HE] was the transition to the "BF-theory point of view", 
which involves, among other things, a suitable "field doubling", cf. Sec. 7 and Appendix C in 
[28]. 

Adams's results seem to suggest that for the discretization of Non-Abelian CS theory a 
similar strategy will have to be used. It turns out, however, that for non-Abelian CS theory 
the advantages of the "Si^-theory point of view" are not as obvious as in the Abelian case (cf. 
Remark 7.2 in Sec. 7 of [28]) and that for the derivation of our main result, i.e. Theorem 7.3 in 
[28] . it will be sufficient to work with the original "CS theory point of view". Accordingly, we 
will postpone the transition to I?F3-theory to Sec. 7 in [28] , 

Let us now describe the first of the two approaches mentioned above. 

5.1 Definition of the spaces B(K), A S (K) and A L (K) 

Let us first introduce suitable finite-dimensional analogues of the spaces £>, Ay, and A ± . 

Recall that above we fixed two finite polyhedral cell decompositions C and C of E, which are 
assumed to be dual to each other, and we denoted by IC and IC' the corresponding polyhedral 
cell complexes. Moreover, we fixed a finite triangulation of (the Lie group) S 1 having the finite 
cyclic group Z^v, N G N, with the obvious graph structure as the corresponding simplicial 
complex. Instead of IC (resp. IC') we will often write K\ (resp. K<i) in the following and we set 



For the transition from the continuum to the discrete we now make the following replacements 
(cf. Remark 1 5 . 1 1 b elow for an alternative definition of A^^K)): 



K:= {K 1: K 2 ). 




Clearly, the scalar product (•, -) on g induces scalar products <C •, • ^>b(K) anci ^ ' ^A^iK) 
on B{K) and At,(K) in the obvious way. We introduce a scalar product ^ ■,■ S^-u^) on 
A ± (K) = Map(Z 7V , As(K)) bj@ 




(5.1) 



for all ^4^", A2 G A~ L (K). In the following we will make the identification 
A L (K) Map(Z 7V ,C 1 (^ 1 ,g)) ©Map(Z JV ,C 1 (^2,0)) 



(5.2) 



cf. Remark 15.11 below for the factor ^ 



and we will denote by Bj G C°(Kj,t), (A c )j G C^i^g), and Af G Map(Z N , C 1 ^, g)) (for 
j G {1, 2}) the obvious components of B G #(iT), A c G Ae(K), and A 1 G A ± (K). 

Remark 5.1 Instead of the ansatz A ± (K) := Map(Z7v, A^(K)) above we could use the ansatz 
A ± (K) := A^ ltern (K) where A^ ltern {K) is as in Appendix ID1 below. The latter ansatz would 
make it clear that we really are working in a "single field setting" rather than a "double field 
setting" like the one appearing in the Si^-theory point of view (cf. the beginning of Sec. [5]above 
and Sec. 7 in [28]). Moreover, the use of A^ ltern (K) would also have several other advantages, 
for example, it would naturally explain the appearance of the factor ^ on the RHS of Eq. ([5TTj) 
above, cf. Appendix [Pi 

In spite of these advantages we decided to work with the ansatz A'^(K) := Map(Z,^, A%(K)) 
in the present paper because this simplifies the notation. 

Convention 5 For B G B(K) and x G 5o(^i) U #0(^2) and A c G Az(K) and e G #1(^1) U 
$i(K 2 ) we set 

B(x) := Bj(x) where j G {1,2} is given by x G $o(Kj) (5-3) 
A c (e) := (A c )j(e) where j G {1,2} is given by e G $i(Kj) (5-4) 

Convention 6 Let us introduce the notation 

$ Q (K X \K 2 ) := {e I e G Si(#i)} = {e | e G $i{K 2 )} C £ (5.5) 

where e is the unique crossing poin^ of e and -ke, cf. Definition \C.9\ Hi) in part [0 of the 
Appendix. 

For e G ^0(^1 1 -^2) and j = 1,2 we will denote the unique element e,- G $i(Kj) with e = e~j 
by ej{e). 

Definition 5.2 Let V be a finite- dimensional real vector space. 

i) For each x G Z^r we will denote by r x the translation operator Map(Z7v, V) — > Map(Zjy, V) 
given by (T x f)(t) = f(t + x) for all t G Zjy. 

ii) We define the operators d\ N \ d\ N \ and 3^ on Map(Z7v,^) by 



(TV) 



N( n - t ), (5.6a) 
N(t - t_i), (5.6b) 
f(n-r-,) (5.6c) 

(where 1 and —1 are the obvious elements ofLw = TLjN7L). 

Clearl$^. the three difference operators dj: , and d\ are discrete analogues of the differ- 
ential operator dt := on C°°(S 1 ,V). 



42 so in the special case where K2 is the canonical dual of Ki then e will be the barycenter of e 

43 this becomes totally evident by making the identification Zjv = {0, -h, j?, . . . , }■ Then we have 

0l N) A^)(t) = Al( i Mi( " , (d { t N) A^)(t) = A " W -l" (t -^ ) , and (d^A^t) = ^±l^lzl> for 

AT JV N 

c liV'JV''''' JV J 



5.2 Definition of S^§ C (A L , B) 

Let us now introduce a discrete analogue for 

Sos(A X ,B) = vrfc[< A- L ,*(f + &d(B))A ± »^x -2 < i 1 ,*^ »^x], (5.7) 

cf. Eq. ()2.47p above. In order to do so we have to look for suitable discrete analogues of the 
mappings* : At, ->• A%, * : C 00 ^ 1 , ->■ C 0O (5' 1 , .A s ), d : C°°(S,g) ->■ ,A S , the scalar product 
< ■,■ >^x on A 1 = C 00 ^ 1 ,^) appearing in Eq. (|5.7p . and the differential operator Jj. 

For the transition from the continuum setting to the discrete setting let us now make the 
following replacements (using the identification (|5.2p ): 

< ■, • >^x > < •, • >^X(^) 

* K2 



*K o ' 

d Kl \ 

_^ A (JV) o ^ _. a w 
* V o d\ N) ) * 

Here '■ C°(Kj,i) — > C 1 (iCj,t), j = 1,2, are as in Sec. HI The operators *Ki '■ 
Map(Z JV ,C 1 (^i,0))^Map(Z J v,C 1 (^2,0)), *K 2 : Map(Ztf, C^fl)) Map(Z Ar , C 1 ^^)) 
are the linear isomorphisms defined in the obvious wa)@. Finally, the difference operator dj: N ^ 
(resp. &t) is given by Definition 15.21 above with V = C x {K\,q) (resp. V = C 1 (K2,q)). 

Remark 5.3 Regarding the definition of the operator above one might wonder why in- 
stead of the operators 3^ and 8^ we did not use the (anti-)symmetrized version(s) 3^ : 
Map{Z N ,C 1 {K j ,g)) -»• Map(Z N , C^Kj, fl)), j = 1,2, cf. Definition GT2] above. This point will 
be clarified in part |D] of the Appendix below. 

Using the replacements listed above we now arrive at the following discrete analogue for 
S CS (A ± ,B): 



5^(^,5) :=7rk 



<C A ± ,* K (dl N) + ad(B))A ± ^ A ± (K) -2« A ± ,-k K d K B > A x (K) 



(5.8) 



for A 1 G A" 1 (if), B G B(iT). Here ad(fl) : A ± (K) -> ^(K) is given bj|f] 

(ad( J B)A ± )(t)(e) = ad(S(e)) • ^(^(e) (5.9) 
for all A- 1 , t G Zjv, and e G 3±(-Ki) U ^1(^2) where we have set for e G SoC^iI-^j) 

fl(e):=§[Bi(e)+fl 2 (e)] (5.10) 
Here we have extended for each j G {1,2} the field Bj : ^q(Kj) — > t to a map on the bigger set 
ffo^i) Uff (#l|#2) by setting 

B 3 (e 3 ) := \[B 3 {. ej) + Bfa •)] Ve, G (5.11) 

Observation 5.4 T/te operators * K d[ N) : A ± (K) -> ^(if) and ad(J3) : -A^iT) -> ^- L (if) 
are symmetric w.r.t to <C •, • ^-^(jn- 

44 i.e. by (Wj^. A^-)(t) = * Kj (Af(t)) for each A+ £ Map(Zjv, ^(Kj, g)), t G Z N , and j = 1,2 where * Kj ■ 
C (Kj,Q) — > C 1 (Ks-j , g) is given as in Sec. 2] above 

45 Note that if we had made the ansatz (&d(B)A ± )(t)(e) = ad(B(e)) ■ A ± (t)(e) with B{e) := \ {B(me) +B(e»)) 
instead of the ansatz in Eq. (|5.9p above the operator ad(£?) : A ± (K) —>■ A (K) would in general not be 
antisymmetric w.r.t. <C •, ■ ^ A ±r K } (and, consequently, the operator *k ad (5) would not be symmetric). In 
fact, the operator ad(£?) given by Eq. (|5.9[l is exactly the operator which is obtained by anti-symmetrizing the 
operator ad(£?) appearing at the beginning of the present footnote 



5.3 Definition of Holf ac (A ± , B; h) 

Let us introduce a discrete analogue Holf lsc (-A J ~, B; h) for the expressions Hol^A- 1 , B; h) = 

appearing in Eq. f|2.54cf) above. 

5.3.1 Unframed version 

We start with the observation that for A 1 £ A 1 = C 00 ^ 1 , .A s ) and B £ B = C°°(S,t) we have 

AHKt)) = A^ils^tMl'xit)), (Bdt)(l'(t)) = B(fe(t)) • cft^Ct)) (5-12) 

for i G [0,1]. Here we have set := 7rs o / and Z51 := 7^1 o Z where 7rs : S x S* 1 — >• S, 
vr^i : S x 5 1 -> 5 1 are the canonical projections. Prom Eqs. (|2.4p . (|2.54c|) . and (|5.12p we obtain 

Hob^B;!!) 

= J-, expf^ 1 ^ + 4 g (h)(!^W) + 5(I S (t)) • ^fe(i)))) . (5.13) 

' — n. 

Let us now discretize the RHS of this equation. Let I = (l^)k<n be a discrete loop in 
K\ x Zat and let {V^)k<n an d (fg?)fc<n denote the projected discrete loops in K\ and Zjv, cf. 
the paragraph before Definition 14.31 above. 

In contrast to the situation in the continuum setting where the parameter n G N was sent 
to 00 we will leave n fixed. It is now natural to make the replacements 

fed) -> -4 fc) 
- 4 fc) 

1// /fc\ , 

n l S l[ -n> * l S 1 

with diW g C7 1 (Zjv,R) given by dt^ N \e) = i for all e G 3i(Zjv)- We will make the identifica- 
tion C^Zjv.K) = Hom R (Ci(ZAr),M), so for a generalized edge e G 3i(Zjv) U{0}U (-ffi(Zjv)) c 
Ci(Zjv) we then have dt^ N \e) = i sgn(e) where sgn(e) G {—1,0,1} is given by sgn(e) := ±1 if 
e G ±3l(Zjv) an d sgn(e) := if e = 0. 

Applying the replacements above to the RHS of Eq. f)5 . 13|) we arrive at the ansatz 

Holf sc (A\£;h):=n^ =i exp(^>^ (5-14) 
for A 1 G A L {K), B G B(K), h G [E, G/T] where 

A sg (h)(Z«):= /A g (h) (5.15) 

where on the right-hand side of Eq. (I5.15h we have identified with the obvious smooth curve 
c : [0, 1] — > S induced by l^t . 

5.3.2 Framed version 

Instead of working with the simple discrete loop I in K\ x Zjy we can work with a suitable pair 
{1,1') where V is a "framing" of I in the sense of Sec. 14.41 Without loss of generality!^! we can 
assume that I and V have the same length n. 



since we can always add "empty" edges to / or I' if necessary 



We can then introduce the following framed analogue of Eq. (15.140 above 

mat°(A\ b- h) : = n; =1 exp [\ (a> if,)) (4 fe) ) + \ (aH* ig>)) (4 fc) ) 

+ i(A sg (h)(4 fc) ) + A sg m'^)) + \B(.lf) ■ ^Bgn(lW) + \B{.{^) ■ ^sgn(4 ( 1 fc) ) ) (5.16) 



Remark 5.5 As a preparation for [28] let us mention that if we set Holf lsc (A ± , A c , B;h.) := 
ttolf sc (A x +A c ,B;h) for fixed A 1 - G ^(K), A c G ^(K), B G S(lT), and h G [S,G/T] (where 
^,- L (K) and Ac (K) are as in Sec. 15.71 below) then we have 

Holf -(I 1 ,A C , B; h) = J], exp (i (i-L (.if )) (/§ (. $>)) (4( fc ) )+ iA c (4 fc) ) + ^c(^ fc) ) 

+ | /" 4,00 + i /" A sg (h) + i5(.4 fc) ) • ^sgn(zg) + JB(.^) • ^sgn(4 ( f ) )) (5.17) 

The last formula will be useful in [28]. 

5.4 Definition of Detfp (£) 

We will need a discrete analogue Detpp(B) of the factor T)etFp{B) = det(l{ — exp(ad(i?))| t ) 
appearing in Eq. (|2.54p above. We make the ansatz 

DetfAB) := U x£MKl)udo(K2) ~ exp(ad(5(x) ))|t ) (5.18) 

for every B G B(K). 

5.5 Discrete version of L, , Tr(eL4 sg (h) ■ B) 

Next we introduce a suitable discrete analogue of the expression J-, , Tr(aL4 sg (h) • B), namely 
the expression 

I Tr(^ sg (h)-B) (5.19) 

JT,\{a } 

where we have set for every B = (B u B 2 ) G B(K) = C°(Ki,i) C°(K 2 , t) 

B := \[xi{Bi) + X2(B 2 )] GMap(S,t) (5.20) 
Here Xj '■ C°(Kj,t) — > Map(S,t), j G {1,2}, are the two mappings given by 

^■■=E FeUK]) B ^)-^ ( 5 - 21 ) 

with 1 p denoting the indicator function of the subset FcE and F = *F. 

We will assume in the following that ctq does not lie in the 1-skeleton of K\ or of K 2 . 



5.6 Discrete version of lc°°(E,w 9 )(-^) 

Let us introduce a discrete analogue of the indicator function lc*°°(s.t res )(^)- The obvious 
candidate is Y\ x ^ (k 1 )u^o(K2) (B(x)). However, with this choice we would get some problems 
later due to the fact that 1^ : t — > {0,1} C [0,1] is non-continuous. For this reason we will 
regularize the function lt re9 - We fix a family (1^ ) s >o> of elements of C^°(t), with the following 
properties: 

• Image(l2 9 ) C [0, 1] and supp(l^) C 

• 1, — > 1* „„ pointwise as s — > 

(s) 

• Each l\ reg is invariant under the operation of the affine Weyl group W a ff on t, cf. part [A] 
of the Appendix below. 

For fixed s > we take as the discrete analogue of lc°°(£ ,t reg )(,B) the expression 

TT l[ s) (B(x)) := TT lj s) (B(x)) (5.22) 

Later we will let s — > 0. 

5.7 Discrete version of the decomposition A 1 = A 1 © Ajr 

We introduce a decomposition of A^^), which is analogous to the decomposition A L = A 1 - © 
Ajr in Sec. 12.3.31 In order to do so we introduce the notation 

As, v (K) := C x (Ki, V) © C\K 2 , V) (5.23) 

for every real vector space V. We then have the following analogue of the decomposition A 1 - = 
A ± © Ajr in Sec. 12.3.31 above namely, 

A 1 (K) = A 1 - (K) © Aj (K) (5.24) 

where 

Ac(K) := {A 1 - £ A X {K) | A L is constant and ^4 Sit (K)-valued} ^ Az,t(K) (5.25a) 

AHK) := {A 1 e A L {K) | Y, t&N A± (t) £ A^(K)} (5.25b) 

Observe that Az(K) = As, B (K) ^ As,t(K) © -4 Eit (K) and that for every A 1 G ^(iT), 
^ G ^(K), and B E B(K)we have 

^(i^ + Aj, B) = S% S S C {A^,B) + S$ s s c (Aj, B) (5.26) 

with the two expressions on the RHS given explicitly by Eqs. (|5.27p and (|5.29p below. 

For referring to the elements of the space A ± (K) we will use the variable A 1 - and for the 
elements of the space Ar,,i{K) = Ajr{K) the variable A^r (and later sometimes the variable A c ). 

5.8 Discrete versions of the two Gauss-type measures in Eq. (12.531) 

Clearly, we have 

S% S S C (A L ,B) = nk < A ± ,* K (d i t N) + ad(5)) • A^ > AH k) (5-27) 



for all A 1 - G A^iK) and B G B(K). Moreover, if B G B{K) fulfills \[ x l ireg (B(x)) ^ then 

+ ad(B) : A L {K) — > A L {K) will be injective provided that N is sufficiently large. In this 
case the (rigorous) complex measure 

exv{iS% s s c {A L ,B))DA^ (5.28) 

is a non-degenerate centered oscillatory Gauss type measure on A^(K). Here we have equipped 
A^iK) with the restriction <C •, • S^-u^n °f the sca l ar product <C •, • S>_4_l^ onto Ar^-ftT) and 
DA -1 - denotes the normalized Lebesgue measure on A^iK) w.r.t. <C ■, • ^^(K)- 
Moreover, since 

S$| C (A^,B) = -2irk < A^,* K d K B ^> A ± {K) (5.29) 

the complex measure 

:= exp{iS$ s s c (Aj,B)){DAj ® BB) (5.30) 

is a (degenerate) centered oscillatory Gauss type measure on Ajr(K) x B(K). Here we have 
equipped Ajr{K) x iB(.K') with the scalar product <C •,• ^ > a ± (K)®B(K) :=< ^- '■> ' '^A J -(K) © ^ 
■j " ^^(A') an( i DAjr and BB denote the obvious normalized Lebesgue measures. 

5.9 Definition of WLO^J c (L) 

Let /C and N G N be as above. For the rest of this paper we will fix a discrete link L = 
(Ji, I2, ■ ■ ■ , l m ) in /C x Ztv = i^i x Ztv with "colors" (pi,p2, ■ ■ ■ , p m ), m G N. Moreover, for each 
li we will fix a "framing" Z^, i.e. a suitable discrete loop in KJ x Z^ = x Z^ fulfilling the 
conditions in Sec. 14.41 Using the definitions of the previous subsection^ we then arrive at the 
following simplicial analogue WLO^ c (L) of the heuristic expression WLO(L) in Eq. (I2.53|) 

WLO-fCL) := limE he[s , G/T] l(U x l&Wz))) BetfP(B) 

Iir =1 Tr P> (Holf c (i x + A^, B; h)) ex V (iS^ is s c (A ± ,B))DA- 
xexp(iA /" Tr(dA sg (h)-B))exp(^| c (^,B))( J DA c ± ® J DB) (5.31) 

JZ\{a } 

5.10 Three modifications 

Naively, one might expect that - at least for the simple type of links and framings mentioned 
in Sec. 12.3.31 above - the expression WLO^ c (L) is well-defined and that we have 

WLO^ c (L) ~ \L\ (5.32) 

where \L\ is the shadow invariant (associated to G and k) of the link L, cf. (|2.55p above and 
Appendix in B in [28]. 

It turns out, however, that we can only get a result in this direction if we modify our 
original approach. In order to do so we will now make three modifications (Modl)-(Mod3). 
Additionally, we will either have to work with a new discretization L( N '(B) of the continuum 
operator + ad(B) appearing in Eq. (|5,7p above or we will have to perform a continuum limit 
"in the S^-component" , cf. Remark 15.91 below. 

Remark 5.6 i) Modification (Mod2) will be eliminated^ in Approach II in [28] and Modi- 
fication (Modi) will be replaced by a more natural condition in Approach II. 



47 by Rolf" c (A ± + Ac,B;h)) in Eq. (|5.31|) we mean the "framed version" as given by Eq. (|5.16p in Subsec. 
15X21 



48 



cf., however, Sec. 3.4 in 



ii) Modification (Mod3) is rather artificial and should not be taken too seriously. It can 
be eliminated by performing the transition to the BF-theory point of view mentioned in 
Sec. [5] above. In order to avoid long formulas, which would make our computations even 
heavier, we will postpone the transition to the BF-theory point of view to the end of [28]. 
The main part of [28] deals with Approach II which is based on the original "single field 
point of view" and which also allows the elimination of (Mod3). 

Modification (Modi) 

Let us now reconsider the question of what a suitable discrete analogue Detpp(B) of the con- 
tinuum expression DetFp(B) = det(l{ — exp(ad(.B))|j) should be. Above we made the ansatz 

Det$f?(J3) = J] det(l t - ex P (ad( J B( a; )))| l ) (5.33) 

We will now modify Eq. (|5.33j) and make the ansatz 

Detff (B) := ]J det(l t - exp(ad( J B( a ;)))| t ) 1/2 

x 11^(^1^) ( det (^ " exp(ad(i?( e -))) |{ ) 1/2 (5.34) 

instead. 

Remark 5.7 The expression det(lj — exp(ad(6))| t ) is a "natural square" i.e. it is of the from 
T(b) 2 where T(b) is "nice". Thus the two square roots appearing on the RHS of Eq. (j5.34j) just 
cancel the 2-exponents. 



Modification (Mod2) 

We define B(e) for e G J (^iW not by B(e) := \[B x (e) + B 2 (e)\ as in Eq. (EUOl) above but 
by 

'Si(e) if Bi(«ei) = B x {e x *) and B 2 {*e 2 ) + B 2 {e 2 ») 

B(e) := <B 2 (e) if B 3 (« e 2 ) = B 2 (e 2 •) and B x (m e x ) ^ B x {e x •) (5.35) 

k 2 [B x (e) + B 2 (e)] otherwise 

where e x := e x (e) and e 2 := e 2 (e), cf. Convention [6] in Sec. 15.11 
Modification (Mod3) 

In Eq. ||£3IH we replacaEfl the space B(K) = B C (K) © B'{K) where 

B C {K) := {B G B{K) | B x and B 2 are constant} ^ t 2 
B'{K) := {B G B(K) | B x (a x ) = B 2 (a 2 ) = 0} 

by the slightly smaller subspace B CC (K) © B'(K) where 

B CC (K) := {B G B C (K) \ B x = B 2 } ^ t (5.36) 

Above a x G $o(Ki) and cr 2 G ^0(^2) ar^| any two points which do not lie on arc(^) U arc(Z^), 
i < m, and which are "close" to each other in the sense that there is some F G $ 2 (K X ) U$ 2 (K 2 ) 
with a x , a 2 G F. 



49 In particular, the complex measure exp(iScg c (At , B))(DAjr <g> DB)) appearing in Eq. (|5.3ip will no longer 
be the measure v on At (K) x B(K), introduced in Eq. (|5.30[) but the "restriction" of v onto the subspace 
At{K) x {B CC {K)®B'{K)) 

50 more generally, we could choose any two points <j\ £ 3o(^i) an d 02 £ tfoC^a) which lie in the same connected 



component of E\ [J™ 1 (arc(^) U arc(/ E i )) 



5.11 Definition of WLO ri9 (L) 



As mentioned above, the three modifications (Modi)— (Mod3) alone are not sufficient if we want 
to arrive at a result of the form (|5.32p . That is why we will now replace the discrete operator 
appearing in Eq. (|5.8j) above by another natural discretization of the continuum 
operator Jj + ad(B) in Eq. (|5.7p . namely by the operator L^ N \B) which will be introduced in 
Sec. 3.3 of [28]. 

Let WLO™ od (L) be defined as WLO^ c (L) above but using the operator L^ N \B) instead 
of the operator + ad(-B) and using the three modifications (Modi), (Mod2), and (Mod3) 



above. Setting 

WT C >ri 

y v ' wtj r\mod 



WLOg(L) 
WLO™f(0) 



WLO H9 (L) := _Z 9 J' (5-37) 



where is the "empty" linlj^l we then arrive at the following preliminary version of Theorem 
7.3 in 



Theorem 5.8 Assume that the link L = (Ji, I2, ■ ■ ■ , l m ) fixed above fulfills conditions (NCP) and 
(NH) of Sec. 5.1 in I28f and that the framings 1' 2 , ■ ■ ■ , l' m ) fulfill conditions (FC1)-(FC4) of 
Sec. 5.2 in 128]/ . Assume also that k > c g where c g is the dual Coxeter number of q. Then 
WLO r j 3 (L) is well-defined and we have 

WLO„ 9 (L) = H (5.38) 

where \ ■ \ is the shadow invariant associated to G and k, cf. Remark 5.4 in \28§ and Appendix 
B in [28] for the full definitions and for additional comments. 



The derivation of Eq. (15.38|) is similar to the proof of Theorem 7.3 in |28| . Firstly, the inner 
(oscillatory) integral ■ ■ • exp(- • • )DA- L in Eq. (|5,3ip is evaluated. For the special class of 
links and framings considered in the theorem above this is easy and basically boils down to an 
application of Proposition 13.71 (cf. Step 1 in Sec. 5.4 in [28]). One is left with an (oscillatory) 
integral of the form f ■ ■ ■ exp(- • • )(DA C (g) DB) which only involves Abelian fields, namely B 
and A c . This remaining (oscillatory) integral is evaluated using^l Proposition 13.121 (cf. Step 2 
in Sec. 5.4 in [28]). After this one proceeds in a similar way as in Steps 3-6 in Sec. 5.4 in [28] . 

Remark 5.9 If we want to work with the original discretization of the continuum operator 
+ ad(-B) in Eq. (|5.7p . i- e - with the operator d\ N ' + ad(S) we need to perform a suitable 
continuum limit "in the S^-component" . 

As a first step we set N(n) := N ■ n for every n £ N. Observe that the link L = (li, . . . , l m ) 
in /C x Zjv can be considered to be a link in the "finer" polyhedral cell complex /C x %N(n) an d 
each of the loops . . . , l' m can be considered to be a loop in fC' x 7L N ^. 

Next we rewrite Eq. (I5.3ip above using the identification Ajr{K) = Ay,^{K) (The advantage 
of the space Ay,x{K) is that it does not depend on N(n) while the space Ajr(K) does). Then we 
include a n — > oo-limit "inside" the ■ ■ ■ {DAjr ® DB) integral (but "outside" the ■ ■ ■ DA 1 - 
integral) on the RHS of Eq. (IOTP . 

Perhaps it is also possible to perform the n — > oo-limit after both integrations in Eq. (|5.3ip 
have been carried out. This would have stylistic advantages but the computations would then 
become unnecessarily difficult. 



51 so WLO*g C (0) is a discrete analogue of the partition function Z(E x S 1 ) 

52 or rather, the generalization of Proposition 13.121 where Vo is not assumed to be orthogonal to Vi 
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A Appendix: Lie theoretic notation I 

A.l List of notation I 

• G: the simply-connected compact Lie group fixed in Sec. 12.11 

• g: the Lie algebra of G 

• T: the maximal torus of G fixed in Sec. 12.21 

• t: the Lie algebra of T 

• exp: the exponential map g — > G of G. 

• G reg '■= {g G G | g is regular, i.e. is contained in exactly one maximal torus of G} 

• T re g . T n G re g 

• Qreg • — exp {G re .g) 

• ^reg ■ — exp (T re g) — exp^ (T re g) 

• (•,•): the unique Ad-invariant scalar product on g such that (a, a) = 2 holds for every 
short real coroot a of the pair (g, t), cf. Appendix A in [28]. 

• 6: the (•, -)-orthogonal complement of t in g 

• -Ki'. the (•, -)-orthogonal projection g — > t 

• irf. the (•, -)-orthogonal projection g — > I 

• P: the Weyl alcove fixed in Sec. 12.2.41 Recall that a Weyl alcove is simply a connected 
component of ir eg . 

• Waft C Aff(t): the affine Weyl group associated to (g,t), cf. Appendix A in [28]. We 
remark that W a ff operates freely and transitively on the set of Weyl alcoves. 

Using (■, ■) we can make the identification t = t* . Sometimes we write (•, - ) B instead of (•,•). 
A. 2 Example: the special case G = SU(2) 

Let us now consider the special group G = SU(2) with the "standard" maximal torus, i.e. the 
maximal torus T = {exp(#T | 9 G K} where r := 




Then we have (with = meaning "homeomorphic" and with the convention St := {tr \ t G S} 
for any S C R): 



G = 


517(2) = {A G Mat(2,C) | AA* = l,det(A) = 


= 1} 


^ S 3 




5 = 


„„,(n\ r A a A/To+fo fT'\ 1 A i A* n TW A\ 

SUyZ ) — \ A fc IVlat^Z, IL- J | A + ^4. — U, \X\A ) 


— n\ 


= JK 




T = 


{exp(0r|0GR}= 6 " |«eR 
I V u e / ) 




= S 1 




t = 


R . T = {Or | 6 G R} 




^ K 




G/T = 


{gT\ge G} 




^ S 2 




G re g — 


SU(2)\{-1,1} 




S 2 x 


(0,1) 


Qreg — 


S\U PN {^ ||6|=n} 




^ 5 2 X 


(M+\N) 


T — 

J-reg — 


n{-i,i} 






-1,1} 


^reg — 


t\{n7rr neZ) 




^ R\Z 





Moreover, we have 

• exp : g — > G is the restriction of the exponential map of Mat(2,C) onto g, i.e. 

exp(A) = X^-o ^ G G C Mat ( 2 ' C ) for A G c Mat (2, C) 

• the scalar product (•,•) is given by (A,B) = — Tr Mat ( 2i c) {A ' for all i,B £ su(2). 
The norm | • | appearing in the formula for Q reg denotes the norm associated to this scalar 
product. 

.,={(; -;),„c 

• the set of Weyl alcoves is {P n | n 6 Z} where P n := (nir, (n + 1)tt) t. Accordingly, for P 
we could take, e.g., the set P := Pq = (0,7t)t. 

• VV a fj: the subgroup of the affine group Aff (t) which is generated by the reflection t 3 b i— y 
— b G t and the translation t 9 b i— > b + 2ttt G t. 

Let us also mention that 

det(l{ — exp(ad(xr))| { ) = 4sin 2 (x), x G R 



B Appendix: Some technical details for Sec. 12.2.41 

In Sec. I2.2.4l we omitted some technical points. We will now give some more details. In Example 
IB. II below we make things a bit more explicit in the special case G = SU(2) (using some of the 
explicit relations from part E] of the Appendix). 

i) Let us briefly sketch why f|2.23|) holds. Observe first that 

A reg /g {A reg /g)/g^ (b.i) 

where Q := {VL G G \ o G £ : £l((a, 1)) = 1}. Secondly, if S is a connected component of Q reg = 
exp _1 (G re3 ) then exp : S — > G reg is a biiectiorj^l. It is not difficult to see that this implies that 

53 this follow because exp : g reg — > Greg is a covering and G reg is simply-connected, cf. Example I B . 1 1 b elow for 
the special case G = SU(2) 



also q:A ± x G°°(E, 5) 3 (A ± ,B) i-> (A 1 - + Bolt) ■ Q G A re9 /G is a bijection, cf. Proposition 3.1 
in [25]. Thirdly, if P is an alcove contained in 5 then the map 9 : P x G/T 3 (b,g) i— >■ gbg~ l G 5 
is a well-defined homeomorphismF^l. Thus we have the identification 

Ae 9 /£ = ^ x G°°(E, S)^A ± x G°°(E, P) x G°°(E, G/T) (B.2) 

(observe that under this identification the obvious ^s-operation on A re g/G induces the Co- 
operation on A x x G°°(E, P) x G°°(E, G/T), which is given by (.4- 1 , P,p) -fi = (A- 1 0, B,VL~ l g) 
for each f2 G C/s)- 

Fourthly, observe that the map p : A ± X G°°(E, P) x G°°(E, G/T)/0 s -> (-4. 1 x G°°(E, P) x 
G°°(E, G/T)) /Gt, which maps each (A , B,h) to the C/£-orbit of (^l -1 , B, <?h) is a surjection. 

Finally, observe that under the two identifications (|B. 1|) and (|B.2p the map p coincides 
with the restriction of % to A L x G°°(E,P) x [E,G/T]. Thus we have Ae 9 /£ = Uy^A 1 x 
G°°(S,P) x [E, G/T}) C Image(n F ). 

ii) In the derivation in part i) we did not make use of the assumption that E is compact, 
so in fact relation (|2.23|) also holds for noncompact E. But sinc^l the set [E,G/T] then just 
consists of the single point [It], the relation f|2.23j) reduces to relation (|2.14p above. 

iii) By contrast, if E is compact then relation (j 2 . 1 4 1) does not hold. In order to see this 
observe that in this case [E,G/T] has infinitely many elements, cf. Remark 12.51 The map p in 
part i) is not injective but it does have the weaker property that hi I12 implies p{A\; , Pi, hi) ^ 
p{A^ , B>2, 112). Thus for compact E the set 

Iiy{A L X C°°(E,P) X {[1 T ]}) =Kg{A^®C 00 {Y, 1 P)Glt)=Hg{A qaX {T))C\ Areg/Q 

will be a proper subset of HyiA 1 - x C°°(E,P) x [E, G/T]) = A reg /G, cf. part i). Clearly, this 

implies Areg/G £ 7Tg (A qaX (T)). 

Example B.l It is probably instructive to verify some of the claims made above (and some of 
the claims made in Sec. I2.2.4H directly in the special case where E = S 2 and where G = SU(2). 

i) We claimed above that G re g is always simply-connected. In the special case G = SU(2) 
this follows immediately from the concrete formula G re g — S 2 x (0, 1) in part |A] of the 
Appendix 

ii) Let S be a fixed connected component of reg , e.g. S := {b G g | < \b\ < 1}, and P a Weyl 
alcove contained in S. Above we claimed that exp : S — > G reg and 8 : P x G/T 3 (b, g) 1— >• 
gbg~ l G S are homeomorphisms. In particular, this means that G re g = S = P x G/T. 
In the special case G = SU(2) the last statement follows immediately from the concrete 
formulas in part [A] of the Appendix. 

iii) Recall that in the case G = 577(2) the fiber bundle tt g / t : G — > G/T is just the Hopf 
fibration. Since vr2(5 3 ) = 0, a topological^/ non-trivial (i.e. not null-homotopic) map 
g : S 2 — > S 2 cannot be lifted to a map 17 : S 2 — > 5 3 . On the other hand, the restriction 
of g to the (contractible) subset 5 2 \{<to} = M 2 always admits such a lift. (This illustrates 
Remark 12.41 in Sec. 12.2.41 in the present special case.) 

iv) Remark 12.51 in Sec. 12.2.41 implies that there is a natural bijection from [E, G/T] to I = 
ker(exp| f ). In the special case E = S 2 we can verif^j^l this directly since [E,G/T] = 
[S 2 , G/T] = ir 2 (G/T) (as sets) and vr 2 (G/T) tt 2 (S 2 ) = Z = I. 

54 cf. Example IB. 1 1 below for the special case G = ST/ (2) 

55 this follows, e.g., by combining the observation in Footnote [T3] with the first two observations in Remark 12.41 
56 of course in order to check that the map in Remark 12.51 is such a bijection we will have to show more 



C Appendix: Polyhedral cell complexes 



C.l Polyhedral cell decompositions and complexes 

Talking informally, a "polyhedral cell-complex" is just a cell-complex which is obtained by 
glueing together "convex polytopes" in an analogous way as simplicial complexes arise from 
glueing together simplices. Here a "convex polytope" is the generalization of the notion of a 
convex polygon and convex polyhedron (cf. Fig. [2] for some examples) to arbitrary dimension. 

tat* 




Figure 2: 



For the sake of completeness let us give a formal definition: 

Definition C.l i) Let V be a finite- dimensional real vector space. A convex polytop^j\ in 
V is a non-empty bounded subset PofV which is of the form 

where (iJ ) o6j 4 is a finite family of closed halfspaces of V . Here with "closed halfspace" 
we mean a subset H ofV of the form H = {x 6 V \ l(x) > 0} for some non-trivial linear 
form I : V ->■ R. 

ii) Let V and P be as above, let {H a ) a( zA be a family of halfspaces such that (jC.ip holds, and 
let h a be the hyperplane bounding H a , for a £ A. 

A "face" of P is a non-empty proper subset S of P of the form S = P D PlaeA' where 
A 1 C A. Observe that each face S of P is again a convex polytope in V (since each h a is 
the intersection of the two closed half spaces which it is bounding). 

Hi) An abstract convex polytope (or simply, a "convex polytope") is a pair (P,V) where V is 
a finite- dimensional real vector space and P a convex polytope in V (equipped with the 
topology inherited from the standard topology ofV). Instead of (P,V) we will often write 
simply P. 

iv) The dimension dim(P) of an abstract convex polytope P = (P, V) is the dimension of the 
linear sparv^l Vp of the subset P — x in V where x in an arbitrary point in P. 

An orientation on P = (P, V) is a non-vanishing element of A d Vp where d := dim(Vp). 

57 or, more precisely, a closed bounded convex polytope 
58 clearly, Vp does not depend on the special choice of x 



Remark C.2 Observe that, as a topological space, an abstract convex polytope P is just a 
closed n-celQ, where n := dim(P). Thus an abstract convex polytope can be considered to be 
a closed cell with additional structure (we will refer to this in Remark I C . 6 1 b elow ) . 

The next notion which we want to introduce is the notion of a "polyhedral cell decomposi- 
tion". The figures below should give a good idea of what we mean here. More precisely, Fig. 
[3] shows a polyhedral cell decomposition of a closed square and Fig. H] shows a polyhedral cell 
decomposition of S 2 . (Other examples are given in Fig. [5] below). 

$ 

Figure 3: Figure 4: 

Here is a formal definitional: 

Definition C.3 A "polyhedral cell decomposition" C of a topological space X is a family C = 
((P a , &a))aeA where each P a = (V a , P a ) is an (abstract) convex polytope and $ a is an embedding 
P a — > X such that the following conditions are fulfilled: 

o o 

i) Each point x S X lies in exactly one of the sets & a (P a ), a £ A. Here P a denotes the 
interior of P a in V a . 

ii) For each face F of P a , a £ A, the restriction (& a )\p of& a onto F can be "identified" with 
one of the b £ A. More precisely, we have (& a )\p o ^)\p b = cj> b for a suitably chosen 
b 6 A and a suitably chosen affine injective map V& — > V a with the property ijj{Pb) — P- 

Hi) A set S C X is open in X iff ^' a 1 (S) is open in P a for all a. 

Remark C.4 In the terminology of Definition IC.7I below, condition i) above just says that X 
is the disjoint union of all the "open cells" of C. This motivates the term "cell decomposition". 

Definition C.5 A "polyhedral cell complex" is a pair V = (X, C) where X is a topological 
(Hausdorff) space and C is a "polyhedral cell decomposition" of X 

Remark C.6 i) If we recall the definition of a CW-complex we see that a polyhedral cell 
complex is a regular CW-complex where 

1. Each of the closed cells involved has some extra structure (cf. Remark IC .21 above) , and, 

2. The way in which these closed cells are glued together respects this extra structure (as 
explained in condition ii) in Definition IC. 31 above). 

ii) Clearly, the notions "polyhedral cell decomposition" and "polyhedral cell complex" gen- 
eralize the notions "triangulation" and "simplicial complex". 

Definition C.7 Let C = ((P a , &a))aeA be a polyhedral cell decomposition of X and p € No- 
59 i.e. homoemorphic to an n-dimensional closed ball 

60 we remark that this definition was modeled after the definition of a "A-complex" structure in [30] 




i) We set $ P (C) := {$> a (P a ) \ a £ A with dim(P a ) = p}. The elements of $ P (C) are called 
the "p- faces" of C. 

o 

ii) We set Cell p (C) := {$ a (P a ) \ a G A with dim(P a ) = p}. The elements of Cell(C) := 
\J p Cell p (C) are called the "open cells" of C. 

Hi) IfV = (X,C) is polyhedral cell complex we write d P (P) instead of$ p (C). 

Remark C.8 There is a natural 1-1-correspondence between the elements of Cell p (C) and of 
3p(C): E G Cell p (C) corresponds to F G 3p(C) iff F is the closure of E in X 

Convention 7 Let X and C = ((P a , <3? a )) ag ^ be as above, let F G 3 P (1C), p £ No and let 
b G A be given by F = ^^(P^). We then usually identify F with the convex polytope P& via the 
homeomorphism Clearly, after doing so, the notions of the "barycenter" F of F and the 
"convex hull" [x, y] of two points x, y, G F are then well-defined. 

C.2 Dual cell decompositions 

Let E be a surface^!. 

Definition C.9 Let C and C be two polyhedral cell decompositions o/S. 

i) We say that C and C are dual to each other iff 

• There is a bijection ipo : Cello(C) — > Cel^iC') such that x G ipo(x) for all x G Cello(C). 

• There is a bijection ipi : CeZZi(C) — > Celli(C) such that each e G Cell\(C) intersects 
ipi(e) G Celli(C) in exactly one point and e intersects none of the other elements of 
CeZZi(C'). 

• There is a bijection ^2 ■ CelfaiC) — > Cello(C) such that x' G ip^ 1 ^) f or a ^ x ' ^ 
Cell Q (C). 

Observe that each of the bisections ip p : Cell p (C) — > Cell2- p (C) is necessarily unique and 
induces a bijection 2p p : 3p(C) —> $2- P (C) (via- the 1-1-correspondence in Remark I C. <S\) 

ii) If C and C are dual to each other we set F := 4> P {F) G $2- P (C) for F G and 
F> := ^-\F') G ff 2 _ p (C) for F' G 3 P (C>). 

We call call F (resp. F' ) the face "dual" to F (resp. "dual" to F'), cf. Example \4-l\ in 
Sec. \4-2\ above. 

Hi) If C and C are dual to each other then for each e G 1 (C) ( or e G $i(C')) the unique 
intersection point of e and the dual face e will be denoted e. 

Figure [5] below, which is taken from [30], gives some examples. 

Remark C.10 Finally, let us mention that if C = ((P a , & a ))a is a polyhedral cell decomposition 
of £ then in the set of polyhedral cell decomposition which are dual to C there is a distinguished 
element. We denote this element by C and call it the canonical dual of C, or simply, "the" dual 
of C. 

C is constructed in a two step process where one first "breaks down" C into smaller pieces, 
which are given by the so-called "barycentric subdivision" of C, and then, in a second step, 

61 We remark that Definition IC.9I can be generalized to higher dimensional manifolds but we will not need this 
in the present paper 

62 the notation e is motivated by the fact that in the special case where C' is the canonical dual of C in the sense 
of Remark IC 101 below, e will just be the "barycenter" of e 



Figure 5: 



reassembles these pieces in a suitable way. (In fact, this construction works in arbitrary dimen- 
sion, and can even be used to define "the" dual V' of an abstract polyhedral cell complexes V' , 
see, e.g. PQ, for the special case where V is an (arbitrary) simplicial complex). 

In the present case where £ is 2-dimensional we have the following explicitly description of 
the dual C' (cf. Convention [7] above): 

• £ (C') := {F | F G S 2 (C)} where F is the "barycenter" of F 

• 3l(C) := {[ x +( e ); e]U[e, x_(e)] | e G 3i(C)} where, for each e£5i(C),e is the "barycenter" 
of e and cc+(e) and a;-(e) are the barycenters of the two 2-faces F + (e),F_ (e) G ?2(C) which 
bound e. 

• The elements of 3^(C) are the closures of the connected components of S\(5o(C)U3 r i(C / )) 

D The space Ai ltern (K) 

Several aspects/points of Approach I (and also Approach II in [28]) get clearei@ if, instead of 
working with the space 

A L {K) ^Map^C^i^g)) ©MaptZjv.C^.g)) (D.l) 

introduced in Sec. ET] above, we work with the following "alternating" variant Ajri t n (K) , given 
by 

^ ter J^):=Map(Z^,C 1 (^i,0))©Map(Z^,C 1 (^2,0)) (D.2) 

where 

ZfSf" := { [t] | t G {2, 4, 6, . . . , 2N}} C Z 2N 

%2N ■= {[t] I t G {1, 3, 5, . . . , 2iV - 1}} C Z 2JV 

63 strictly speaking we would also have to describe the maps <&' a , , a' £ A' , explicitly. Since this is both technical 
and straightforward we omit this here 

but the notation gets more complicated, which is why we decided to work with the space A ± {K) in the mam 

text 



(Here we have set [t] := ir(t) where tt : Z — > Z2jv is the canonical projection). 

7odd ~ H7 ~ njeve 
J 27V ~~ N — /L, 2N 



Observe that if we make the identifications K'n ~ ^ N ~ ^qtv™ induced by the bijections 



j odd : Z N and j even : Z N -> % e 2 v § n which are given by 

3odd{[t\) = [2t- 1], jeven([t}) = [2t] for all i G {1, 2, ... , N} (D.3) 
we obtain an identification 

Kltern{K)=A^{K) (D.4) 

Thus A ± (K) and A^ ltern {K) are "equivalent". However, A^ ttern {K) has the following two 
stylistic advantages over A 1 - {K): 



Advantage 1 Recall that in the definition of the scalar product <C •,• ^^(K) i n Eq. (|5.ip 
a factor ™ appeared. This factor arises totally naturally when working with the space 



alter 



A^ ltern {K) instead of A (K). In this case the "natural" scalar product <C •, • ^>_^ 
° n -Ki tern {K) will be 

« At A% >A± tern{ K)= mY, t&2N « 

<S v ^a ± (K) i n ^q. <|5.1j) is just the scalar product on A^^) obtained from <C 
• , • ^>a± r K \ after making the identification (|D.4D . 

alter ' 



Advantage 2 Recall that in Sec. 15.21 we defined the operator d[ N) : A ± {K) -> A 1 (If) by 

where and 5| are as in Definition 15.21 and where the matrix notation refers to the 
decomposition (jD.ip above. 

It would look more natural to define the operator - or at least the product operator 
■k^dj:^ appearing in Eq. f)5.8j) - by a formula which involves the (anti-symmetrized) 
operator d\ N ^ rather than the operators and d\ N \ 

And in fact, using the identification (|D.4p we can easily obtain an alternative definition of 

the product -kgd^ which involves operators of the type "<9i". In order to do so consider 
the space A 2N {K) and the operator *k : Aj N (K) — > A 2N {K) (defined totally analogously 
as the space A ± (K) and the operator *k '■ A ± (K) — > A^{K) in Sec. 15.21 above but with 
2N playing the role of N). Let fif N) : A^ N {K) -> A$ N (K) be given by 



where the operator d^ N ^ G Map(Z2Ar, C 1 (Kj, g)), j = 1, 2 appearing on the main diagonal 
is defined totally analogously as in Definition 15.21 above (with Ztv replaced by 1>2n)- 

Clearly, we can consider A^ ltern {K) as a subspace of A^ N {K) in the obvious way. Even 
though neither of the two operators -kjc nor leaves the subspace A^ ltern (K) of A 2 ^{K ) 
invariant the composition 2 ^ : .4^- (if) — )■ .4.^ (if) does. It turns out that under 
the identification (1D.4|) above the restriction of *Kdt onto A^ tern (K) coincides with 
the operator -k^d^ : A L {K) — > A^(K) appearing in Sec. 15.21 above. 



Remark D.l i) The "true meaning" (within the context of Si^-theory) of the whole space 
A.2n(K) will become clear in Appendix E in [28] . 

ii) Observe that if we rewrite Sec. fusing the space •A.^ ltern {K) instead of ^4- L (iT) it would 
be convenient to undo the identification Z^r — Z^y m Sec. B31 Instead we identify Z^v 
with Z5^ n and 1i' N with ZS^y . (Observe that in this case Z27V appears naturally as the 
joint barycentric subdivision of Z^v and H N ). 

Moreover, we should then use Adams' original definition of "framing" in Sec. 14.41 In 
particular, a framing of a loop I in /C x Zjy — K\ x Z^ n will then be a loop V in 
K! x Z' N K 2 x Z%$. 

E Continuum limits 

E.l The role of continuum limits in a purely simplicial approach 

In the present series of papers we are studying the question whether it is possible to find a 
rigorous "discretization" approach to non-Abelian CS theory (or Si^-theory). Ideally, such an 
approach would be "purely simplicial", i.e. it would not involve any kind of continuum limit. 
However, this does not mean that continuum limit considerations will be irrelevant if a purely 
simplicial approach can be found: 

i) Continuum limit considerations can be useful for motivating or checking some of the con- 
structions of a purely simplicial approach, for example by looking at the continuum limit 
of the RHS of Eq. (|5.8p above we get an additional 65 ! argument for the factor 1 /2 on the 
RHS of Eq. ([5ZEJ) . 

ii) For some of the possible applications of such a (hypothetical) simplicial theory, like, e.g., 
a new approach for proving the so-called "asymptotic expansion conjecture", cf. [I], the 
study of continuum limits would obviously be crucial. 

E.2 Discretization approaches involving continuum limits 

If a purely simplicial approach to non-Abelian CS theory (or .Bi^-theory) cannot be found then 
discretization approaches involving a continuum limit will be the "next best thing" . Of course, 
if we leave the simplicial setting we obviously pay a price - the use of continuum limits makes 
things more complicated. On the other hand we gain a certain amount of flexibility. 

For example, if we work with the original discretization of the continuum operator Jj + ad(-B) 
appearing in Eq. (|5,7p we cannot expect a relation like Eq. 15.381 (even after carrying out 
modifications (Modl)-(Mod3)). However, after performing a suitable continuum limit in the 
5 1 -component we can derive another version of Theorem 15.81 cf. Remark 15.91 above. 

Similarly, by including a continuum limit "in the E-component" we would no longer be 
forced to define A sg (h)(l^') by Eq. (|5.15p above but we could use alternative definitions like, 

e.g., A g (h)(4 fc) ) := 4*(h)((4 fc) )'(0)) or ^ sg (h)(4 fc) ) := A sg (h)((l^)'(l)). After performing a 
continuum limit in the E-component all these different choices will lead to the same result. 

Finally, let us mention that the power of continuum limits should not be overestimated. 
For example, at first look one could think that when working with a continuum limit in the 
E-component, it does not matter anymore whether we use the original definition of B(e) as in 
Eq. (|5.10p above or the modified definition Eq. (|5.35p given in (Mod2). However, a closer look 
shows that the explicit values of the various "continuum limit versions" of WLO r j g (L) indeed 
depend on the precise definition of B(e) which we use. 



6j in case part [D] of the Appendix has not yet convinced the reader of this point 



F Appendix: A comment on the "continuum approach" towards 
a rigorous realization of the RHS of Eq. ( 12.531) 



In Sees. [IHl] we sometimes referred to the "continuum approach" of |24[ [26] [27] for making 
rigorous sense of the heuristic expression for WLO(L) appearing^] on the RHS of Eq. (|2.53j) 
This approach is based on white noise analysis (WNA) (cf. [31]) and was in part inspired by 
[31 [23]. For the convenience of the reader we will now give a brief summary of the main aspects 
of this approach. 

i) Use of WNA: Consider the heuristic integral functionals associated to the two heuristic 
Gauss-type complex measures appearing in Eq. (12. 53ft in Sec. I2.3.3[ i.e. 

*i ■= j ■ ■ exp(iS cs (i\ B))!}! 1 (F.la) 
*:= J ■■■exp(iS CS {A^,B))(DAj ® DB) (F.lb) 

We would like to find a rigorous realization of as a continuous linear functional on a certain 
infinite dimensional function space. (Similar considerations can be made for the functional ^ .) 

Note that even if exp(iScs(A^~ , B^DA 1 - were a (heuristic) probability measure one could 
not hope to realize <I>^ rigorously as a functional Cb(^4 _L ,R) — > C, cf. Remark IF. II i) below. 

In order to succeed one would have to replace Cb(A ± ,M) by Ct,(A ± ,M.) where A 1 - is a suitable 
extension of A ± . 

For an oscillatory Gauss-type measure like ex.p(iScs{A ± , B^DA 1 - one can not even hope 
to be able to define rigorously as a continuous linear functional on the full space Cb(A^-,M.) 
but only on a suitable subspace X of Cb(A ± ,M) or C(A ± ,M), cf. Remark lF.ll ii) below. The 
framework of WNA provides a general method for constructing such spaces. Using this method 
for the construction of a suitable spac^£j| X we obtained in |24| [26] a rigorous realization of $^ 
continuous linear functional <3?£ : X — > C. 

ii) "Loop smearing" : In point i) we sketched how one can realize rigorously as a con- 
tinuous linear functional X — > C on a certain topological space X appearing as a linear subspace 

of CbiA^, M). Since the extension A 1 - of A contains non-smooth elements A ± , expressions 

like A^(l'{t)) and Tr Pi (Hol^ (A 1 + A^,B;h)) are not defined for general A 1 £ A- 1 , cf. Eq. 
(|2.4p . This complication can be resolved by using "loop smearing", which is analogous to "point 
smearing" described in Remark IF. H i) below. 

iii) "Framing" : In all (heuristic or rigorous) approaches for making sense of the (Abelian or 
Non-Abelian) CS path integral some form of "framing" has to be used. For the implementation 
of the framing procedure in |24 | I26 | [27] we fixed a suitable family (4> s ) s >o of diffeomorphisms of 
M = £ x 5 1 fulfilling ((^M 1 - = A x for all s > and <p s — > idjv/ as s -»■ uniformly (w.r.t. to 
an arbitrary Riemannian metric on M = £ x 5 1 ). 

For each diffeomorphism eft € {(ft s \ s > 0} one can introduce a suitable "deformation" 
Scs^i-A 1 - + Bdt) of ScsiA 1 - + Bdt) (cf. Eq. (|F,2p below) and a corresponding deformation 
^B<f> := / ' ' ' ex P(* , S'c5 ) </>(^4" L ! -B))-DA J - of the integral functional above. (And in a similar 
way one can introduce a deformation ^ of ^>). 



66 or, more precisely, the version of Eq. ()2.53|) which one obtains when working with the decomposition A ± = 
A 1 - © Ac instead of A ± = A ± <S At 

67 The space X was denoted by (JV) in [241 126] where TV" := A equipped with a suitable family of seminomas. 



In [211 [261 E7] we implicitljS worked with S C sA A± + Bdt ) 

given by 



S C sA A± + Bdt ) = 0* A± >*(m + ad(B))A ± > -2 < <t>*A ± ,*dB >] (F.2) 

iv) (^-function regularization: In [11] the heuristic expression 

£>ei(£) := det(l t - exp(ad(B)) lt ) Z(B) (F.3) 

where Z(B) := J exp(iS'c , s(^4- L , 5))DA J - was evaluated explicitly for constant B in two different 
ways, cf. Sec. 3 and Sec. 6 in [11]. Both evaluations involve a suitable ^-function regulariza- 
tioiQ. At a formal level the formula in [TT] can immediately be generalized to the case where 
B is a step function, cf. Sec. 3.5 in |26j . Let us remark, however, that a careful justification of 
the general formula for Det(B) has not been given yet (cf. Remark 3.3 in [26] and Remark 4.2 
in [25]). 

The following remark is relevant for point i) in the list above. 

Remark F.l i) Consider the pre-Hilbert space J- := (C^°(R), (•, •)) where (•,•) is the scalar 
product induced by Lj|(R, dx) and let 5 : T — >• T be a positive invertible linear operator. Let 
us consider the heuristic integral 

\^ i=1 f{^WsU) (F.4) 

where (xi)i< n is a fixed sequence of points in R and where dfis is the heuristic Gaussian measure 
on J- given by 

dns(f) = eM-(f,Sf))df (F.5) 

df being the heuristic Lebesgue measure on J-. 

It turns out that in general it is not possible to make rigorous sense of the heuristic measure 
dfj,s as a Borel measure on J 7 . However, one can make sense of this heuristic measure as a 
Borel measure on a suitable extension T of J 7 , for example on T := Sr(R) (equipped with the 
standard topology). 

Even though we then have a rigorous realization of dfis it is still not possible to make sense 
of the heuristic expression (|F,4p without further steps. This is because for a general element / 
of Sjg(M) the expression f(xi) does not make sense so the integrand in Eq. (IF. 41) is ill-defined. 
This complication can often be resolved by "point smearing", i.e. in Eq. (|F.4p we replace, for 
each e > 0, the "point" xi by a test function <f>\ £ S(R) such that <$>\ > 0, f 4>\{x)dx = 1 and 
supp(c^) is contained in a small e-neighborhood of x%. The parameter e is later sent to 0. 

ii) For every bounded complex Borel measure d[i on a topological space Y the associated 
integral functional J •■■dfj, is a continuous linear functional Cb(Y,M) — > C. Clearly, for un- 
bounded complex Borel measures the corresponding integral functional J ■ ■ ■ dfi can in general 
not be defined as a linear functional on the whole space Cb(Y, R) but only on a suitable subspace 
X of C&(Y,R) or, more generally, a "sufficiently small" subspace of C(Y, M). For example, in 
the special case where Y = W 1 with the standard scalar product and where dfi is an oscillatory 
Gauss-type measure on W l convenient choices for X are X = §(R n ) or X = Vexp(W')j Sec. [3) 

68 in fact, the explicit heuristic formulas which actually appeared in [24U261I27] are those describing the informal 
Fourier-transform of the integral functional $g ^, This is because for the rigorous realization of <& s j, we applied the 
Kondratiev-Potthoff-Streit characterization theorem of White noise analysis (an analogue of the Bochner-Minlos 
theorem) 

69 additionally, the first evaluation involves an argument based on Ray-Singer torsion and the second evaluation 
uses an index theorem 
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